Gottlieb and Whitehead center groups of projective spaces by Golasinski, Marek & Mukai, Juno
ar
X
iv
:1
00
1.
46
63
v1
  [
ma
th.
AT
]  
26
 Ja
n 2
01
0 Gottlieb and Whitehead center groups of projective spaces
MAREK GOLASIN´SKI
JUNO MUKAI
By use of Siegel’s method and the classical results of homotopy groups of spheres
and Lie groups, we determine some Gottlieb groups of projective spaces or give
the lower bounds of their orders. Furthermore, making use of the properties of
Whitehead products, we determine some Whitehead center groups of projective
spaces.
55P05,55Q15,55Q40,55Q50,55R10; 19L20
Introduction
Let X be a connected and pointed space. The k-th Gottlieb group Gk(X) of X has been
defined in [11]. This is the subgroup of the k-th homotopy group πk(X) containing all
elements which can be represented by a map f : Sk → X such that f ∨ idX : Sk∨X → X
extends (up to homotopy) to a map F : Sk × X → X , where Sk is the k-sphere.
Throughout the paper we do not distinguish between a map and its homotopy class.
For k ≥ 1, define the k-th Whitehead center group or P-group Pk(X) ⊆ πk(X) of
elements α ∈ πk(X) such that the Whitehead product [α, β] = 0 for all β ∈ πl(X) and
l ≥ 1. Then, Gk(X) ⊆ Pk(X) for all k ≥ 1 [11]. Furthermore, if X is a Hopf space,
Gk(X) = Pk(X) = πk(X) for all k ≥ 1.
Let ιn be the generator of πn(Sn) represented by the identity map of Sn . Given
α ∈ πk(Sn), α ∈ Gk(Sn) if and only if [α, ιn] = 0. We note that Gk(Sn) = Pk(Sn) [9],
[47].
Let R and C be the fields of reals and complex numbers, respectively and H the skew
R-algebra of quaternions. Denote by FPn for the n-projective space over F . Put
d = dimRF , write ik,n,FP : FPk →֒ FPn for k ≤ n the inclusion map and write simply
iF = i1,n,FP : Sd →֒ FPn .
The purpose of this note is to determine some Gottlieb and P-groups of FPn . Our idea
is based on Lang’s result n!π2n+1(CPn) ⊆ G2n+1(CPn) [22], Barratt-James-Stein’s
result about the Whitehead products [−, iF] [3].
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The method is to use Siegel’s result [43], fibrations with Sd(n+1)−1,FPn as base spaces
and the results on the homotopy groups of spheres [28], [32], [31], [45], [46], the
classical groups [21], [25], [26], [27], [29], [30], [33], [34], [35], [36].
For example, Gk+n(RPn) is partly determined and Pk+n(RPn) completely determined
for n ≥ 2 and k ≤ 7.
We set
P′k(FPn) = Pk(FPn) ∩ (γn∗πk(Sd(n+1)−1))
and
P′′k (FPn) = Pk(FPn) ∩ iF∗(Eπk−1(Sd−1)).
Notice that P′′k (FPn) = 0 if d = 1, 2 and k ≥ d + 1. We determine the fact that
P4n+3+k(HPn) = P′4n+3+k(HPn) ⊕ P′′4n+3+k(HPn) and the group P′4n+3+k(HPn) for
0 ≤ k ≤ 10.
Some particular cases of our results about the Gottlieb groups of FPn overlap with
those of [23] and [41].
1 Whitehead center groups of projective spaces
Let EX be the suspension of a space X and denote by E : πk(X) → πk+1(EX) the
suspension homomorphism. Write η2 ∈ π3(S2), ν4 ∈ π7(S4) and σ8 ∈ π15(S8) for
the appropriate Hopf maps, respectively. We set ηn = En−2η2 ∈ πn+1(Sn) for n ≥ 2,
νn = En−4ν4 ∈ πn+3(Sn) for n ≥ 4 and σn = En−8σ8 ∈ πn+7(Sn) for n ≥ 8. Note
that νn for n ≥ 5 and σn for n ≥ 9 stand for generators of πn+3(Sn) ∼= Z24 and
πn+7(Sn) ∼= Z240 , respectively. By abuse of notaion, these are also used to represent
generators of the 2-primary components πnn+3 ∼= Z8 and πnn+7 ∼= Z16 , respectively.
Denote by γn = γn,F : S(n+1)d−1 → FPn the quotient map and by qn = qn,F : FPn →
Sdn the map pinching FPn−1 to the base point. Then, as it is well known,
(1.1) qnγn =


(1− (−1)n)ιn, if F = R,
nη2n, if F = C,
±nν4n, if F = H.
Let ∆ = ∆FP : πk(FPn) → πk−1(Sd−1) be the connecting map. By [3],
∆(iF∗E) = idpik−1(Sd−1)
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and
πk(FPn) = γn∗πk(Sd(n+1)−1)⊕ iF∗Eπk−1(Sd−1).
By [14, Theorem (2.1)],
(1.2) [ξ ◦α, η ◦β] = 0 if [ξ, η] = 0 (ξ ∈ πm(X), η ∈ πn(X), α ∈ πk(Sm), β ∈ πl(Sn)).
According to [47], a map f : X → Y is cyclic if f ∨ idY : X ∨ Y → Y extends to
F : X × Y → Y . The extension F is called the associated map with f [22]. We recall
from [43, Lemma 2.1] and [47, Lemma 1.3]:
Lemma 1.1 (Siegel-Varadarajan) Let f : X → Y be cyclic. Then, the composite
f ◦ g : W → Y is cyclic for any map g : W → X .
The following is obtained from (1.2) and Lemma 1.1:
Lemma 1.2 Pn(X) ◦ πk(Sn) ⊆ Pk(X) and Gn(X) ◦ πk(Sn) ⊆ Gk(X).
By (1.2), [2, Corollary(7.4)] and [3, (4.1-3)], we obtain a key formula determining the
Whitehead center groups of FPn .
Lemma 1.3 Let h0α ∈ πk(S2d(n+1)−3) be the 0-th Hopf-Hilton invariant for α ∈
πk(Sd(n+1)−1). Then:
(1) [γnα, iR] =
{
0, if n is odd,
(−1)kγn(−2α+ [ιn, ιn] ◦ h0α), if n is even;
(2) [γnα, iC] =
{
0, if n is odd,
γn(η2n+1 ◦ Eα+ [ι2n+1, η2n+1] ◦ Eh0α), if n is even;
(3) [γnα, iH] = ±(n+ 1)γn(ν4n+3 ◦ E3α+ [ι4n+3, ν4n+3] ◦ E3h0α).
Hereafter, we use the results and notations of [45] freely. Let ν ′ and α1(3) be the
generators of the 2-primary π36 and 3-primary π6(S3; 3) components of π6(S3) ∼= Z12 ,
respectively. Set ω = ν ′ + α1(3) and α1(n) = En−3α1(3) for n ≥ 3. We use the
relations
(1.3) [ι4, ι4] = 2ν4 − Eω
and En−3ω = 2νn for n ≥ 5.
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We write
OF(n) =


O(n), for F = R;
U(n), for F = C;
Sp(n), for F = H,
where O(n), U(n) and Sp(n) denote the Lie groups of the orthogonal, unitary and
symplectic n× n matrices, respectively. Furthermore, we set
SOF(n) =


SO(n), for F = R;
SU(n), for F = C;
Sp(n), for F = H.
Denote by in = in,F : SOF(n − 1) →֒ SOF(n) and pn = pn,F : SOF(n) → Sdn−1 the
inclusion and projection maps, respectively. Then, we consider the exact sequence
induced from the fibration SOF(n+ 1) SOF(n)−→ Sd(n+1)−1 :
(SFnk) · · · −→πk+1(Sd(n+1)−1)
∆F−→πk(SOF(n)) i∗−→πk(SOF(n+ 1)) p∗−→· · · ,
where i = in+1,F and p = pn+1,F .
Denote by r : U(n) → SO(2n), c : Sp(n) → SU(2n) the canonical map. Let J =
JR : πk(SO(n)) → πk+n(Sn) be the J -homomorphism, JF : πk(SOF(n)) → πk+dn(Sdn)
the complex or symplectic J -homomorphism defined as follows: JC = J ◦ r∗ :
πk(SU(n)) → πk+2n(S2n) and JH = J ◦ r∗ ◦ c∗ : πk(Sp(n)) → πk+4n(S4n). Then, we
see that
(1.4) Ed−1 ◦ JF ◦∆F = J ◦∆ for ∆ = ∆R.
Let ωn,R ∈ πn−1(O(n)), ωn,C ∈ π2n(U(n)) and ωn,H ∈ π4n+2(Sp(n)) be the characteris-
tic elements for appropriate bundles. We note that ω1,H = ω is the Blakeres-Massey’s
element, ωn,R = ∆(ιn), ωn,C = ∆C(ι2n+1) and ωn,H = ∆H(ι4n+3).
As it is well-known,
(1.5) i2n+1,Rrωn,C = ω2n+1,R and i2n+1,Ccωn,H = ω2n+1,C.
If ∆α = 0 for α ∈ πk(Sn), then there exists a lift [α] ∈ πk(SO(n + 1)) of α . For the
inclusion
im,n = im,n,R = in,R ◦ · · · ◦ im+1,R : SO(m) →֒ SO(n) (m ≤ n− 1),
we set [α]n = im,n∗[α] ∈ πk(SO(n)), where [α] ∈ πk(SO(m)) is a lift of α ∈ πk(Sm−1).
Notice that π3(SO(4)) = {[η2]4, [ι3]} ∼= Z2 and any element of πk(SO(4)) ∼= πk(SO(3))⊕
πk(S3) is uniquely represented by two elements of πk(S3):
[η2]4α+ [ι3]β for α, β ∈ πk(S3).
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Notice that we can take J[ι3] = ν4 and J[η2] = ω .
Define the subgroups of πk(Sd(n+1)−1) and πk−1(Sd−1) as follows:
Mk(Sd(n+1)−1) = Mk,F(Sd(n+1)−1) = {α ∈ πk(Sd(n+1)−1) | [γnα, iF] = 0},
L′k−1(Sd−1) = L′k−1,n(Sd−1) = {β ∈ πk−1(Sd−1) | [iFEβ, iF] = 0},
L′′k−1(Sd−1) = L′′k−1,n(Sd−1) = {β ∈ πk−1(Sd−1) | [iFEβ, γn] = 0}
and
Lk−1(Sd−1) = Lk−1,n(Sd−1) = L′k−1,n(Sd−1) ∩ L′′k−1,n(Sd−1).
We also define the subgroup Qk(S3) of πk(S3) by
Qk(S3) = {β ∈ πk(S3) | 〈ι3, β〉 = 0},
where 〈−, −〉 stands for the Samelson product.
For an abelian group G , we denote by (G; p) its p-component. For example, (πk(Sn); p) =
πk(Sn; p).
We write
′Ld−1k−1 = L
′
k−1(Sd−1; 2), ′′Ld−1k−1 = L′′k−1(Sd−1; 2), Ld−1k−1 = Lk−1(Sd−1; 2),
Pd(n+1)−1k = Pk(Sd(n+1)−1; 2), Qd−1k−1 = Qk−1(Sd−1; 2), Md(n+1)−1k = Mk(Sd(n+1)−1; 2).
Write (−,−) for the greatest common divisor.
Example 1.4 M4n+3,H(S4n+3) = 24(24,n+1)π4n+3(S4n+3); L′′3,n(S3) = 24(24,n+1)π3(S3) for
n ≥ 1; Q3(S3) = 12π3(S3).
We show the following, in which (6) was suggested by K. Morisugi:
Lemma 1.5 (1) Mk(Sd(n+1)−1) ◦ πm(Sk) ⊆ Mm(Sd(n+1)−1),
L′k−1(Sd−1) ◦ πm−1(Sk−1) ⊆ L′m−1(Sd−1),
L′′k−1(Sd−1) ◦ πm−1(Sk−1) ⊆ L′′m−1(Sd−1),
Lk−1(Sd−1) ◦ πm−1(Sk−1) ⊆ Lm−1(Sd−1) and Qk(S3) ◦ πm(Sk) ⊆ Qm(S3);
(2) L′′k−1,n(S3) = E−4n−3(Ker (n+ 1)ν4n+3∗), where
ν4n+3∗ : πk+4n+2(S4n+6) → πk+4n+2(S4n+3) is the induced homomorphism. In partic-
ular, L′k−1,n(S3) ⊆ L′′k−1,n(S3) for n odd;
(3) Qk−1(S3) = L′k−1,n(S3) for n ≥ 2;
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(4) Let n ≥ 2. Then, L′k−1(S3; 3) ⊆ L′′k−1(S3; 3) and
L′k−1(S3; p) = L′′k−1(S3; p) = πk−1(S3; p) for an odd prime p ≥ 5;
(5) iH∗Pk(S4) ⊆ iH∗EQk−1(S3); Moreover,
iH∗Pk(S4) = iH∗EQk−1(S3) provided that 2E4Qk−1(S3) = 0;
(6) L′′k−1,n(S3) = πk−1(S3) for n ≥ 1 if 5 ≤ k ≤ 4n+ 2.
Proof. Since 〈ι3, β ◦ δ〉 = 〈ι3, β〉 ◦ E3δ [18, (6.3)], the last of (1) follows. The rest of
(1) is a direct consequence of (1.2).
By the properties of Whitehead products [48] and Lemma 1.3(3),
(−1)k[iHEβ, γn] = [γn, iHEβ] = [γn, iH] ◦ E4n+3β = ±(n+ 1)γnν4n+3E4n+3β.
This leads to the first of (2). If [Eβ, ι4] = 0, then [Eβ, ν4] = 0 (1.2). This leads to the
second of (2) for n = 1. Since iH ◦ν4 = 0 for n ≥ 2 and [Eβ, ι4] = (2ν4−Eω)◦E4β ,
the relation iH[Eβ, ι4] = 0 implies iHE(ωE3β) = 0, and so ωE3β = 0. Hence,
(△) 2ν4n+3E4n+3β = 0
and (n+ 1)ν4n+3E4n+3β = 0 for odd n ≥ 3. This leads to the second of (2) for n ≥ 2.
Since 〈ι3, β〉 = 〈ι3, ι3〉 ◦ E3β = ωE3β , we obtain (3).
(△) for β ∈ πk−1(S3; 3) implies β ∈ L′′k−1(S3; 3) and the first half of (4). The second
half is a direct consequence of the definition of L′k−1(Sd−1) and L′′k−1(Sd−1).
We recall
πk(S4) = Eπk−1(S3)⊕ ν4∗πk(S7).
Suppose that β = Eβ1 + ν4β2 ∈ Pk(S4) for β1 ∈ πk−1(S3) and β2 ∈ πk(S7). Then,
by the relation iHβ = iHEβ1 , we obtain
0 = iH[ι4, β] = iH[ι4,Eβ1] = (iHE)(ωE3β1).
This implies the inclusion Pk(S4) ⊆ EQk−1(S3)⊕ ν4∗πk(S7) and leads to the first half
of (5). On the other hand, for β ∈ Qk−1(S3), we obtain [ι4,Eβ] = 2ν4E4β = 0 by the
assumption. This means EQk−1(S3) ⊆ Pk(S4) and leads to the second half of (5).
We have ν4n+3E4n+3β = J([ι3]4n+3β). By the fact that πk−1(S3) is finite for k 6= 4
and
πk−1(SO(4n + 3)) ∼=


Z, if k ≡ 0 (mod 4);
Z2, if k ≡ 1, 2 (mod 8);
0, if k ≡ 3, 5, 6, 7 (mod 8)
if k ≤ 4n+ 2 [6], we have (6) for k 6≡ 1, 2 (mod 8).
Gottlieb and Whitehead center groups of projective spaces 7
Assume that ν4n+3E4n+3β 6= 0 for k ≡ 1 (mod 8). Then, in view of [21, Lemma
2], we have ν4n+3E4n+3β = J([ι3]4n+3β) = J(δ′ηk−2), where δ′ ∈ πk−2(SO(4n + 3))
is a generator. Since J : πk−1(SO(4n + 3)) → πk+4n+2(S4n+3) is a monomorphism,
we obtain δ′ηk−2 = [ι3]4n+3β . By [7, Theorem 1.1], δ′ηk−2 has the SO(6)-of-origin.
This is a contradiction and leads to (6) for k ≡ 1 (mod 8).
By the parallel argument, we have the assertion for k ≡ 2 (mod 8) This leads to (6)
and completes the proof.
Another proof of Lemma 1.5(6). To consider k ≡ 1, 2 (mod 8), write (according to
Adams’ notations [1]) jr for the image of the generator in πr(SO) under J : πr(SO) →
πSr . First, assume that ν4n+3E4n+3β 6= 0 for k ≡ 1 (mod 8). Then, in view of [21,
Lemma 2], we have ν4n+3E4n+3β = νE∞β = jk−2η and jk−2η2 generates the J -
image of πk(SO) ∼= πk(SO(4n+3)) ∼= Z2 . On the other hand, by [45, Proposition 3.1],
β ∧ η2 = E2(βηk−1) = η5E3β . This and the relation νη = 0 imply a contradictory
relation jk−2η2 = νE∞(βη) = νηE∞β = 0.
Now, assume that ν4n+3E4n+3β 6= 0 for 5 ≤ k ≤ 4n with k ≡ 2 (mod 8). Then,
by [21, Lemma 2], ν4n+3E4n+3β = νE∞β = νE∞β = jk−1 . By the relation ([45,
Proposition 3.1])
(1.6) ν4 ∧ β = ν7E7β = (E4β)νk+3,
we get for the stable Toda bracket
< jk−1, η, 2ι >=< νE∞β, η, 2ι >=< (E∞β)ν, η, 2ι >
⊇ (E∞β) < ν, η, 2ι >≡ 0 (mod 2πSk−1).
On the other hand, by [1, Corollary 11.7] and [24, Theorem B. v)], we deduce that πSk−1
contains the direct summand Z8 which is generated by < jk−1, j3, 24ι > . (We point out
that [24, Theorem B. v)] has a misprint. It should be e(ρj) = 2−p(j) (mod 2−p(j)−1).)
Because, j1 = η , 12j3 = η3 and jk−1 = jk−3 ◦ η2 , we derive
< jk−3, j3, 24ι >⊆< jk−3, 12j3, 2ι >=< jk−3, η3, 2ι >⊇< jk−1, η, 2ι > .
Thus,
< jk−3, j3, 24ι >≡< jk−1, η, 2ι > (mod 2πS8s+3).
This is a contradiction with the above which leads to the assertion.
Now, we show:
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Proposition 1.6 P′k(FPn) = γn∗(Pk(Sd(n+1)−1) ∩Mk(Sd(n+1)−1)) and
P′′k (FPn) = iF∗(ELk−1(Sd−1)).
Proof. For an element α ∈ πk(Sd(n+1)−1), it holds that [γnα, γn] = 0 if and only if
[α, ιd(n+1)−1] = 0. This leads to the first half.
Next, for an element β ∈ πk−1(Sd−1), it holds that iFEβ ∈ P′′(FPn) if and only if
β ∈ Lk−1(Sd−1). This leads to the second half and completes the proof.
We recall the order of [ιn, α] for α = ιn, ηn, η2n ,Eω (n = 4), νn, ν2n ,Eσ′ (n = 8) and
σn [9].
(1.7) ♯[ιn, ιn] =


1, if n = 1, 3, 7,
2, if n is odd and n 6= 1, 3, 7,
∞, if n is even;
(1.8) ♯[ιn, ηn] =
{
1, if n ≡ 3 (mod 4), n = 2 or n = 6,
2, if otherwise;
(1.9) ♯[ιn, η2n] =
{
1, if n ≡ 2, 3 (mod 4),
2, if otherwise;
(1.10) ♯[ι4,Eω] = 6;
(1.11) ♯[ιn, νn] =


1, if n ≡ 7 (mod 8), n = 2i − 3 ≥ 5,
2, if n ≡ 1, 3, 5 (mod 8) ≥ 9, n 6= 2i − 3,
12, if n ≡ 2 (mod 4) ≥ 6, n = 4, 12,
24, if n ≡ 0 (mod 4) ≥ 8, n 6= 12;
(1.12) ♯[ιn, ν2n ] = 1 if and only if n ≡ 4, 5, 7 (mod 8) or n = 2i − 5 for i ≥ 4;
(1.13) ♯[ι8,Eσ′] = 60;
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(1.14) ♯[ιn, σn] =


1, if n = 11, n ≡ 15 (mod 16),
2, if n ≡ 1 (mod 2) ≥ 9, n 6= 11, n 6≡ 15 (mod 16),
120, if n = 8,
240, if n ≡ 0 (mod 2) ≥ 10.
We show:
Lemma 1.7 (1) Mk(Sd(2n+2)−1) = πk(Sd(2n+2)−1) for F = R,C;
(2) (i) Eπk−1(S2n−1)∩Ker 2ι2n∗ ⊆ Mk,R(S2n), where 2ι2n∗ : πk(S2n) → πk(S2n) is the
induced homomorphism; Mk,R(S2n) = Ker 2ι2n∗ if k ≤ 4n − 2;
(ii) Eπk−1(S4n)∩E−1(Ker η4n+1∗) ⊆ Mk,C(S4n+1), where η4n+1∗ : πk+1(S4n+2) →
πk+1(S4n+1) ; Mk,C(S4n+1) = E−1(Ker η4n+1∗) if k ≤ 8n;
(iii) Eπk−1(S4n+2) ∩ E−3(Ker (n + 1)ν4n+3∗) ⊆ Mk,H(S4n+3), where ν4n+3∗ :
πk+3(S4n+6) → πk+3(S4n+3); Mk,H(S4n+3) = E−3(Ker (n+ 1)ν4n+3∗) if k ≤ 8n+ 4.
In particular, Mk,H(S4n+3) = πk(S4n+3) if n+ 1 ≡ 0 (mod 24);
(iv) Eπk−1(S8n+2) ∩ E−3(Ker (2n + 1)ν8n+3∗) ⊆ Mk,H(S8n+3);
Mk,H(S8n+3) = E−3(Ker (2n+ 1)ν8n+3∗) if k ≤ 16n+ 4;
(v) Mk,H(S8n+7) = E−3(Ker 2(n+ 1)ν8n+7∗);
(3) [ι2n, ι2n] ∈ M4n−1,R(S2n);
(4) Mk,R(S2) = πk(S2) except k = 2 and M2,R(S2) = 0;
(5) Pk+2n(S2n) ⊆ Mk+2n,R(S2n) if k ≤ 2n− 2;
(6) (i) Pk(S8n+3; p) = Mk,H(S8n+3; p) = πk(S8n+3; p) for an odd prime p ≥ 5;
(ii) Mk,H(S8n+3; 3) = πk(S8n+3; 3) if n ≡ 1 (mod 3).
(7) M8n+3k+8n+3 =


8π8n+38n+3 , if k = 0;
π8n+3k+8n+3, if k = 1, 2, 4, 5, 7, 8, 9, 10;
2π8n+3k+8n+3, if k = 3, 6.
Proof. (1) is a direct consequence of Lemma 1.3(1);(2).
By Lemma 1.3(1), Eα ∈ Mk,R(S2n) if and only if 2Eα = 2ι2n ◦ Eα = 0. This leads
to the first half of (2)-(i). The second half is obtained from the Freudenthal suspension
theorem. By Lemma 1.3(2), Eα ∈ Mk,C(S4n+1) if and only if η4n+1E2α = 0 for
α ∈ πk−1(S4n). This leads to (2)-(ii).
10 Marek Golasin´ski and Juno Mukai
By Lemma 1.3(3), Eα ∈ Mk,H(S4n+2) if and only if (n+ 1)ν4n+3E4α = 0. This leads
to (2)-(iii). By the parallel argument, we have (2)-(iv). By Lemma 1.3(3) and the
relation [ι8n+7, ν8n+7] = 0 (1.11), we obtain (2)-(v).
(3) is a direct consequence of [13, Proposition 2].
By Lemma 1.3(1), [γ2, iR] = −2γ2 and [γ2η2, iR] = 0. This implies M2,R(S2) = 0
and η2 ∈ M3,R(S2). By Lemma 1.5(1), πk(S2) = η2 ◦ πk(S3) ⊆ Mk,R(S2). This leads
to (4).
Suppose that Eα ∈ P2n+k(S2n). Then, 0 = [ι2n,Eα] = [ι2n, ι2n] ◦ E2nα. By the
fact that H[ι2n, ι2n] = ±2ι4n−1 for the Hopf homomorphism H : π4n−1(S2n) →
π4n−1(S4n−1), we have 0 = H[ι2n, ι2n] ◦ E2nα = 2E2nα . Since E2n−1 : πk+2n(S2n) →
πk+4n−1(S4n−1) is an isomorphism, we obtain 2Eα = 0. Hence, (2)-(i) leads to (5).
Since s[ι8n+3, α] = 0 for s = 2, p and tα1(8n + 3)E3α = 0 for t = 3, p. This
leads to (6)-(i). The assumption on n implies 2n + 1 ≡ 0 (mod 3). We have
u[ι8n+3, ν8n+3] ◦ E3h0(α) = 0 for u = 2, 3. This leads to (6)-(ii).
Next, we show (7). By Lemma 1.3(3), we get that α ∈ M8n+3k+8n+3 if and only if
ν8n+3E3α = 0. Hence, M8n+38n+3 = 8π
8n+3
8n+3 and in view of the relation ν6η9 = 0 [45,
(5.9)], we get that M8n+3k+8n+3 = π8n+3k+8n+3 for k = 1, 2.
Because π8n+38n+6 = {ν8n+3} and ♯ν28n+3 = 2, we derive that M
8n+3
8n+6 = 2π
8n+3
8n+6 .
Trivially, M8n+38n+7 = M
8n+3
8n+8 = 0.
Since ♯ν38n+3 = 2 and π
8n+3
8n+9 = {ν
2
8n+3}, we have M
8n+3
8n+9 = 2π
8n+3
8n+9 = 0.
Because π8n+38n+10 = {σ8n+3}, in view of the relation ν11σ14 = 0 [45, (7.20)], we deduce
M8n+38n+10 = π
8n+3
8n+10 .
In virtue of the relation [45, (7.17) and (7.18)]
(1.15) ν6ε9 = ν6ν¯9 = [ι6, ν26 ],
we obtain ν7ε10 = ν7ν¯10 = 0. So we get M8n+38n+11 = π
8n+3
8n+11 . Trivially, M
8n+3
8n+12 =
π8n+38n+12 .
Finally, [45, (5.9)] leads to M8n+38n+13 = π8n+38n+13 and the proof is completed.
By Lemma 1.7 and the fact that η35 = 12ν5 , η5ν6 = 0, πn+6(Sn) = {ν2n} ∼= Z2 for
n ≥ 5, we obtain:
Example 1.8 M7,C(S5) = 0, M12,C(S9) = π12(S9) and M4n+6,H(S4n+3) = 2(2,n+1)π4n+6(S4n+3).
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Here, we show the following result in the abelian groups.
Lemma 1.9 Let G be a group with G = G1 ⊕ G2 and write pk : G → Gk for the
projections with k = 1, 2. If H is a subgroup of G such that
(♭) pk(H) < H for k = 1, 2
then H = G1 ∩ H ⊕ G2 ∩ H .
Proof. Because p1(H) < G1 and p2(H) < G2 , we have H = p1(H)⊕ p2(H). Hence,
by the assumotion pk(H) < H for k = 1, 2, p1(H) < H ∩ G1 and p2(H) < H ∩ G2 .
Certainly, H∩G1 < p1(H) and H∩G2 < p2(H). Consequently, H = H∩G1⊕H∩G2 .
As it is well known,
(1.16) J(∆α) = ±[ιn, α], where α ∈ πk(Sn).
For a subgroup M ⊆ πk(Sn), we set [ιn,M] = J(∆M). Let P : πk+2(S2n+1) → πk(Sn)
be the P homomorphism in the EHP sequence defined as the notation “∆" [45]. Then,
by [2, Corollary (7.4)] and [45, Proposition 2.5],
[ιn, πnk ] = P(En+1πnk ).
Consider the homomorphisms [−, iF] : πk(FPn) → πk+d−1(FPn) and [−, γn] :
πk(FPn) → πk+d(n+1)−2(FPn). By the additivity of the Whitehead products [48]
and (1.2), we obtain
Pk(FPn) = Ker [−, iF] ∩ Ker [−, γn].
Then, we show:
Lemma 1.10 Let n ≥ 2. Then:
(1) Ker [−, iF] = γn∗Mk(Sd(n+1)−1)⊕ iF∗EL′k−1(Sd−1);
(2) For F = R,C and k ≥ d + 1:
(i) Ker [−, iF] = γn∗Mk(Sd(n+1)−1);
(ii) Ker [−, γn] = γn∗Pk(Sd(n+1)−1);
(3) For F = H:
(i) (Ker [−, γn]; p) = γn∗πk(S4n+3; p)⊕ iH∗EL′′k−1(S3; p) for an odd prime p;
(ii) (Ker [−, γn]; 2) = γn∗Pk(S4n+3; 2)⊕ iH∗EL′′k−1(S3; 2) provided that
(∗) [ι4n+3, π4n+3k ] ∩ (n+ 1)ν4n+3E4n+3π3k−1 = 0.
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Proof. (1) follows from Lemma 1.3 and the relation
0 = [γnα+ iFEβ, iF] = [γnα, iF]+ [iFEβ, iF].
In the quaternionic case, this is equivalent the following two formulas:
(1.17) (n+ 1)(ν4n+3E3α+ [ι4n+3, ν4n+3] ◦ E3h0(α)) = 0
and
(1.18) ν ′E3β = 0.
By the assumption of (2), πk−1(Sd−1) = 0. (2)-(i) follows from (1). (2)-(ii) is obtained
by the fact that [α, ιd(n+1)−1] = 0 if and only if [γnα, γn] = 0.
For an element γnα+ iHEβ ∈ Ker [−, γn], we see that
0 = [γnα+ iHEβ, γn] = γn[α, ι4n+3]+ [iHEβ, γn]
= γn([α, ι4n+3]± (n+ 1)ν4n+3E4n+3β).
That is,
(1.19) [α, ι4n+3] = ±(n+ 1)ν4n+3E4n+3β.
Since [ι4n+3, πk(S4n+3; p)] = 0 and Pk(S4n+3; p) = πk(S4n+3; p) for an odd prime
p, (3)-(i) follows. The assumption (∗) in (3)-(ii) implies α ∈ Pk(S4n+3; 2) and
β ∈ L′′k−1(S3; 2). This leads to (3)-(ii).
Notice that the condition (∗) in (3)-(ii) implies the assumption (♭) of Lemma 1.9.
Now, we obtain:
Proposition 1.11 (1) Let F = R,C and k ≥ d+1. Then, Pk(FPn) = γn∗(Pk(Sd(n+1)−1)∩
Mk(Sd(n+1)−1)) for n ≥ 2. In particular, Pk(FP2n+1) = γ2n+1∗Pk(Sd(2n+2)−1) for
n ≥ 1;
(2) P2(RP2) = 0, Pk(RP2) = πk(RP2) for k ≥ 3 and
Pk+2n(RP2n) = γ2n∗Pk+2n(S2n) if k ≤ 2n− 2;
(3) Pk+4n+1(CP2n) = γ2n∗(Pk+4n+1(S4n+1) ∩ E−1(Ker η4n+1∗)), if
k ≤ 4n− 1.
Proof. By Lemmas 1.10(2) and 1.7(1), we obtain (1).
By (1), Lemma 1.7(1);(4);(5) and the fact that Pk(S2) = πk(S2) for k ≥ 3, we obtain
(2). By (1) and Lemma 1.7(2)-(ii), we obtain (3). This completes the proof.
In particular, we derive that Pk(CP3) = πk(CP3) for all k ≥ 1 [22].
In the quaternionic case, we obtain:
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Proposition 1.12 (1) Pk(HP2n+1) = γ2n+1∗(Pk(S8n+7) ∩Mk(S8n+7))
⊕iH∗EQk−1(S3). In particular, Pk(HP2n+1) = γ2n+1∗Pk(S8n+7) ⊕ iH∗EQk−1(S3), if
n+ 1 ≡ 0 (mod 12);
(2) (i) Pk(HP2n; 3) = γ2n∗Mk(S8n+3; 3)⊕iH∗EQk−1(S3; 3). In particular, Pk(HP2n; 3) =
γ2n∗πk(S8n+3; 3)⊕ iH∗EQk−1(S3; 3) if n ≡ 1 (mod 3);
(ii) Pk(HP2n; p) = γ2n∗πk(S8n+3; p) ⊕ iH∗Eπk−1(S3; p) for an odd prime p ≥ 5;
(iii) Pk(HP2n; 2) = γn∗(P8n+3k ∩M8n+3k )⊕ iH∗EL3k−1 provided that
(♥) [ι8n+3,M8n+3k ] ∩ ν8n+3 ◦ E8n+3′L3k−1 = 0;
(3) Pk(HPn) = iH∗EQk−1(S3) for 5 ≤ k ≤ 4n+ 2 and n ≥ 2.
Proof. (1) is a direct consequence of Lemmas 1.5(2), 1.10(1);(3), 1.7(2)-(iii) and the
fact that
Ker ([−, γn] |Ker [−,iF]) = Ker [−, iF] ∩Ker [−, γn].
Let n be even. Then, Lemmas 1.5(4) and 1.10(3)-(i) lead to the first half of (2)-(i). The
second half follows from Lemma 1.7(6)-(ii). Lemmas 1.5(4), 1.7(6)-(i) and 1.10(4)-(i)
imply (2)-(ii). By Lemma 1.10(1);(3)-(ii), we have (2)-(iii). By Lemmas 1.10(1);(3)
and 1.5(3);(6), we obtain (3). This completes the proof.
Corollary 1.13 Let n be even. Suppose that α ∈ π4n+3k , β ∈ π3k−1 satisfy (1.17),
(1.18) and (1.19).
(1) Let Eα′ ∈ M4n+3l , that is, α′ ∈ π4n+2l−1 be an element satisfying (n+1)ν4n+3E4α′ =
0. If [α,Eα′] 6= 0, then, γnα+ iHEβ 6∈ Pk(HPn);
(2) Suppose that π4n+3k is a cyclic group generated by α with [α,Eα′] 6= 0. Then, the
condition (♥) in Proposition 1.12(2)-(iii) holds.
Proof. By (1.17), (1.19) and (1.6),
[α,Eα′] = [α, ι4n+3] ◦ Ekα′ = ±(n+ 1)(E4nβ) ◦ Ek−4(ν4n+3E4α′) = 0.
This completes the proof.
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2 Whitehead center groups of real and complex projective
spaces
In this section, we determine some P-groups of real and complex projective spaces.
By Lemma 1.3 and the fact that ♯[iF, iF] = 1 for F = R,C , we have that P1(RPn) =
1+(−1)n−1
2 π1(RPn) and P2(CPn) = 3+(−1)
n
2 π2(CPn).
Now, we show:
Theorem 2.1 The equality Pk+n(RPn) = γn∗Pn+k(Sn) holds if k ≤ 7 except the
pairs: (k, n) = (4, 4), (5, 4), (6, 4).
Furthermore, P8(RP4) = {γ4(Eν ′)η7} ∼= Z2 , P9(RP4) = {γ4(Eν ′)η27} ∼= Z2 and
P10(RP4) = {3γ4ν24 , γ4(ν4 − α1(4))α1(7)} ∼= Z24 .
Proof. For odd n, the equality holds by Proposition 1.11(1). For n = 2 or the
stable case, the equality holds by Proposition 1.11(2). So, it suffices to prove the pairs
(k, n) = (3, 4), (4, 4), (5, 4), (5, 6), (6, 4), (6, 6), (7, 4), (7, 6) and (7, 8).
First, we calculate P7(RP4). By Lemma 1.3(1) and (1.3), we obtain
(2.1) [γ4ν4, iR] = γ4Eω.
By Lemma 1.7(3), [ι4, ι4] ∈ M7(S4). In virtue of Lemma 1.3(1), [γ4Eω, iR] =
−2γ4Eω . So, M7(S4) = {12ν4, [ι4, ι4], 6Eω} = P7(S4) [9] and hence, Proposition
1.11(1) leads to the equality P7(RP4) = γ4∗P7(S4). By the parallel argument, we
obtain P15(RP8) = γ8∗P15(S8).
Next, we determine Pk(RP4) for k = 8, 9, 10. We recall Pk(S4) = πk(S4) for 8 ≤ k ≤
10 [9]. By Lemma 1.7(2)-(i) and (2.1), (Eν ′)η7 ∈ M8(S4) and
[γ4ν4η7, iR] = γ4(Eν ′)η7 6= 0.
This yields M8(S4) = {(Eν ′)η7} ∼= Z2 . So, by Proposition 1.11(1), P8(RP4) =
{γ4(Eν ′)η7} ∼= Z2 . By the parallel argument, we get the group P9(RP4). We recall
π10(S4) = {ν24 , α1(4)α1(7)} ∼= Z24 ⊕ Z3 . By Lemma 1.3(1) and (2.1),
[γ4ν4α1(7), iR] = γ4α1(4)α1(7) = [γ4α1(4)α1(7), iR].
By (3.4) and (2.1), we obtain [γ4ν24 , iR] = γ4α1(4)α1(7). This implies Ker[−, iR] =
γ4 ◦ {(ν4 −α1(4))α1(7), 3ν24}, and hence, by Proposition 1.11(1), we obtain the group
P10(RP4).
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By Lemma 1.7(3), M11(S6) = π11(S6). So, by Proposition 1.11(1), we obtain
P11(RP6) = γ6∗P11(S6) = 3π11(RP6) [9].
We show the case (6, 6). Recall π12(S6) = {ν26} ∼= Z2 . By Lemma 1.7(2)-(i),
M12(S6) = π12(S6). Hence, the assertion follows from Proposition 1.11(1).
Finally, recall P13(S6) = 0 [9]. This implies the case (7, 6) and completes the proof.
Next, we show:
Theorem 2.2 Let n ≥ 2. Then, Pk+2n+1(CPn) = γn∗Pk+2n+1(S2n+1) for 0 ≤ k ≤ 7
except (k, n) = (2, 2) and P7(CP2) = 0, that is:
(1) P2n+1(CPn) =
{
π2n+1(CPn), if n = 3,
2π2n+1(CPn), if n 6= 3;
(2) Let k = 1, 2. Then, Pk+2n+1(CPn) =
{
0, if n is even,
πk+2n+1(CPn), if n is odd;
(3) P2n+4(CPn) =
{
π2n+4(CPn), if n ≡ 3 (mod 4) or n = 2i − 2 ≥ 2,
2π2n+4(CPn), if otherwise;
(4) Let k = 4, 5. Then, Pk+2n+1(CPn) =
{
0, if n ≥ 3,
πk+2n+1(CPn), if n = 2;
(5) P2n+7(CPn) =
{
π2n+7(CPn), if n ≡ 2, 3 (mod 4) or n = 2i − 3 ≥ 5,
0, if otherwise;
(6) P2n+8(CPn) =
{
π2n+8(CPn), if n = 2, 3, 5 or n ≡ 7 (mod 8),
2π2n+8(CPn), if otherwise.
Proof. Notice that, in Proposition 1.11(3), we have
E−1(Ker η4n+1∗) =


2πk+4n+1(S4n+1), if k = 0, 7,
0, if k = 1, 2,
πk+4n+1(S4n+1), if 3 ≤ k ≤ 6.
By Lemma 1.7(2)-(ii) and the relation η5ν6 = 0, we obtain Mk+5,C(S5) = πk+5(S5) for
3 ≤ k ≤ 6. Moreover, by the fact that η4σ′′′ = 0 [45, (7.4)] and [ι5, η5]◦Eh0(σ′′′) = 0,
we obtain M12,C(S5) = π12(S5). The assertion is obtained by these results, Proposition
1.11(1);(2), (1.7)-(1.14) and the fact that [ι5, σ′′′] = [ι7, σ′] = 0 (see the group
Gk+2n+1(S2n+1) for k ≤ 7 [9]).
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3 Whitehead center groups of quaternionic projective spaces
By Lemma 1.3 and the fact that ♯[iH, iH] = 12 and ♯[iH, γn] = 24(24,n+1) , we have that
P4(HPn) = [[12, 24(24,n+1) ]]π4(HPn) for n ≥ 2, where [[−,−]] is the least common
multiple.
To state the main result, some preceding discussion is needed. Let p be an odd prime.
For a generator αm,p(2r + 1) of a p-primary component πk+2r+1(S2r+1; p), we set
αm,p(n) = En−2r−1αm,p(2r + 1) for n ≥ 2r + 1.
There exist the elements αi,p(3) ∈ π2i(p−1)+2(S3; p) with i ≥ 1 [45, Lemma13.5].
Write αi,3(3) = αi(3) simply. Notice that αi(3) generates π4i+2(S3; 3) ∼= Z3 for
1 ≤ i ≤ 5. Recall that αi+1,p(3) ∈ {αi,p(3), pι2i(p−1)+2 , α1,p(2i(p − 1) + 2)}1 (Toda
bracket), π9(S3) = {α1(3)α1(6)}
∼= Z3 , π10(S3) = {α2(3), α1,5(3)} ∼= Z15 , π13(S3) = {ε′, η3µ4, α1(3)α2(6)} ∼= Z12 ⊕
Z2 , π14(S3) = {µ′, ε3ν11, ν ′ε6, α3(3), α1,7(3)} ∼= Z84⊕ (Z2)2 and, by [45, Proposition
13.6, (13.7)],
(3.1) ♯(α1(n)α1(n+ 3)) =
{
3, if n = 3, 4;
1, if n ≥ 5.
Recall that there exists the element
β1(5) ∈ {α1(5), α1(8), α1(11)}1 ⊂ π15(S5; 3) ∼= Z9.
We set β1(n) = En−5β1(5) for n ≥ 5. By use of [45, Lemma 13.8, Theorem 13.9] and
the isomorphism E : π15(S5) → π16(S6),
(3.2) 3β1(5) = −α1(5)α2(8), ♯β1(6) = 9 and ♯β1(n) = 3 for n ≥ 7.
By [45, (13.11), Theorem 13.9], π2m+12(S2m+1; 3) = {α′3(2m + 1)} ∼= Z9 for m ≥ 2
and
(3.3) 3α′3(5) = α3(5).
We show:
Proposition 3.1 (1) π17(S3; 3) = {α1(3)α′3(6)} ∼= Z3 and
π17(S3; 5) = {α1,5(3)α1,5(10)} ∼= Z5 ;
(2) π19(S3; 3) = {α1(3)α1(6)β1(9)} ∼= Z3 ;
(3) π21(S3; 3) = {α1(3)α4(6)} ∼= Z3 ;
(4) π25(S3; 3) = {α1(3)α5(6)} ∼= Z3 .
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Proof. We use the exact sequence [45, Proposition 13.3]. The first half of (1) follows
from (3.3) and [45, Theorem 13.10.ii)]. The second half of (1) follows from [45,
(13.6)′ ]. By [45, Theorem 13.10.i)], we obtain (2). (3) follows from [45, Theorem
13.10.iii)] and (4) from [45, Theorem 13.10.vii)] and [28, p.325].
We recall πk(S3) = {ν ′ηk−66 } ∼= Z2 for k = 7, 8, π11(S3) = {ε3} ∼= Z2 and π12(S3) =
{η3ε4, µ3} ∼= (Z2)2 and
(3.4) ν ′ν6 = 0.
We also recall: π15(S3) = {ν ′µ6, ν ′η6ε7} ∼= (Z2)2 , π16(S3) =
{ν ′η6µ7, α1(3)β1(6)} ∼= Z6 , π17(S3) = {ε3ν211, α1(3)α′3(6), α1,5(3)α1,5(10)} ∼= Z30
and π18(S3) = {ε¯3, α4(3), α2,5(3)} ∼= Z30 .
Now, we show:
Lemma 3.2 (1) Q3(S3) = 12π3(S3) and Qk(S3) = 0 for k = 4, 5, 11, 12;
(2) Q6(S3) = 3π6(S3) ∼= Z4,Qk(S3) = πk(S3) ∼= Z2 for k = 7, 8 and Q9(S3) =
π9(S3) ∼= Z3 ;
(3) Q10(S3) = 3π10(S3) ∼= Z5 and Q13(S3) = {ε′, α1(3)α2(6)} ∼= Z12 ;
(4) Q14(S3) = π14(S3) ∼= Z84 ⊕ (Z2)2 ;
(5) Q15(S3) = π15(S3) ∼= (Z2)2 , Q16(S3) = π316 = {ν ′η6µ7} ∼= Z2 , Q17(S3) =
π17(S3) ∼= Z30 and Q18(S3) = 6π18(S3) ∼= Z5 .
Proof. Since ♯ω = 12, we have the first of (1). We know ν ′E3α 6= 0 for α =
η3, η
2
3 , ε3, η3ε4, µ3 and η3µ4 . This leads to the rest of (1) and the fact that Q13(S3) 6∋
η3µ4 . By (3.1) and (3.4), ωE3ω = E(α1(3)α1(6)). Hence, Q6(S3) = 3π6(S3) ∼= Z4 .
Obviously, Qk+6(S3) = πk+6(S3) for k = 1, 2, 3 and (2) follows.
By (3.2), α2(3) 6∈ Q10(S3) and Q10(S3) = {α1,5(3)} ∼= Z5 .
We recall ε′ ∈ {ν ′, 2ν6, ν9} = {ν ′, ν6, 2ν9}. By [45, Lemma 6.6,(7.12)],
ν ′E3ε′ ∈ ν ′ ◦ {2ν6, ν9, 2ν12} = {ν ′, 2ν6, ν9} ◦ 2ν13 = ε′ ◦ 2ν13 = 2η23ε5ν13 = 0.
By (3.2), Q13(S3) ∋ α1(3)α2(6). This leads to (3).
By [39, Proposition (2.2)(5)], we know η5ζ6 = 0. So, by the relation 2ζ5 = ±E2µ′
[45, (7.14)], we obtain ν ′E3µ′ = η33ζ6 = 0. Hence, µ′ ∈ Q14(S3). Obviously,
ν ′ε6, α1,7(3) ∈ Q14(S3). By the relation [45, (7.12)]:
(3.5) ε3ν11 = ν ′ν¯6,
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we have ν ′ε6ν14 = 0 and ε3ν11 ∈ Q14(S3). The fact that α3(3) ∈ Q14(S3) follows
from the relation α1(3)α3(6) = 3α1(3)α′3(6) = 0 (3.3), and (4) follows.
The first of (5) follows from the group structure π15(S3) = {ν ′µ6, ν ′η6ε7} ∼= (Z2)2 ,
the fact that ν ′ ∈ Q6(S3) (2) and Lemma 1.5(1). By the relation ν ′η6µ7 = ν ′µ6η15 and
Lemma 1.5(1), ν ′η6µ7 ∈ Q16(S3). So, by Proposition 3.1(2), we obtain Q16(S3) =
π316 = {ν
′η6µ7} ∼= Z2 and leads to the second of (5).
By the relation (3.5), we have ν ′(ε6ν214) = 0. In the exact sequence (p = 3, i = 19 in
[45, Proposition 13.3]):
π19(S5; 3) G−→π20(S3; 3) H−→π20(S7; 3) ∆−→π18(S5; 3),
we know that all groups are isomorphic to Z3 [45, Theorem 13.10] and that ∆(E2(α1(5)β1(8)) =
3(α1(5)β1(8)) = 0 and G(β) = α1(3)Eβ for β ∈ π19(S5; 3). This implies the relation
α1(3)Eβ = 0 and this yields the third of (5).
We know ν ′ε¯6 6= 0 [45, Theorem 12.8] and α1(3)α4(6) 6= 0 (Proposition 3.1(3)). This
leads to the last of (5) and completes the proof.
Set σ′, σ′′, σ′′′ for the generators of πnn+7 ∼= Z2n−4 with 5 ≤ n ≤ 7. By abuse of
notation, these are also used to represent the generators of πn+7(Sn) ∼= Z15·2n−4 with
5 ≤ n ≤ 7, respectively. We show:
Proposition 3.3 Let 4 ≤ k ≤ 22. Then, ν6E6π3k ⊆ Pπ13k+8 , ν7E7πk(S3) = 0 for
4 ≤ k ≤ 21 and νkEkπ22(S3) ∼= Z3 for 5 ≤ k ≤ 9.
Proof. First of all, recall that {ν6, η9, 2ι10} = [ι6, ι6] + {2[ι6, ι6]}. We know ν5 ◦
E5ν ′ = 2ν25 = 0. This implies ν6E6π3k = 0 for 4 ≤ k ≤ 10.
We know [ι6, η6] = 0. So, we obtain [ι6, η6ε7] = 0 and [ι6, ν36 ] = [ι6, η6ν¯7] = 0.
Hence, by [45, (10.12)], [ι6, µ6] ≡ 0 mod [ι6, η6ε7], [ι6, ν36 ]. That is
(3.6) [ι6, µ6] = 0.
Let α ∈ π5k and β ∈ π3k be elements such that 2ι5 ◦ α = 0 and {η4, 2ι5, α} ∋ Eβ .
Then,
ν6E6β ∈ ν6 ◦ {η9, 2ι10,E5α} = [ι6, ι6] ◦ E6α.
By [45, (7.25)],
(3.7) ν6µ9 = 8P(σ13) = 2[ι6, σ′′] = [ι6,Eσ′′′].
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This and (1.15) imply ν6E6π311 = Pπ1319 and ν6E6π312 = 8Pπ1320 . From the fact that
µ′ ∈ {η3, 2ι4, µ4} and (3.6), we have
(3.8) ν6E6µ′ ∈ ν6 ◦ {η9, 2ι10, µ10} = [ι6, µ6] = 0.
By the fact that π518 ∼= (Z2)2 , we obtain ν5E5ε′ ∈ {ν5, 2ν8, ν11} ◦ 2ν15 ⊆ 2π518 = 0.
We obtain ν6E6(ν ′ε6) = 0. By the relation [45, (7.18)]:
(3.9) 2ν¯6 ◦ ν14 = ν6ε9 = [ι6, ν26 ],
we have ν6ε9ν17 = 2ν¯6 ◦ ν214 = 0.
By (3.4), (3.5) and the relation ν ′ζ6 = 0 [39, Proposition (2.4)], we have
π3k = ν
′ ◦ π6k , 15 ≤ k ≤ 17.
Therefore, we obtain ν6E6π3k = 0 for 15 ≤ k ≤ 17.
Since π318 = {ε¯3} ∼= Z2 and ε¯6 = η6κ7 [45, (10.23)], we have ν6E6π318 = 0.
Since π319 = {η3ε¯4, µ3σ12} ∼= (Z2)2 , ν6η9ε¯10 = 0 and ν6µ9σ18 = 8P(σ213) (3.7), we
have ν6E6π318 = 8{P(σ213)}.
Next we recall
π320 = {ε¯
′, µ¯3, η3µ4σ12} ∼= Z4 ⊕ (Z2)2
and Eε¯′ = (Eν ′)κ7 [45, Lemma 12.3]. By [32, (16.6)], ν6µ¯9 = 16P(ρ13). This implies
ν6E6π320 = 16{P(ρ13)}.
From the fact that π321 = {µ′σ14, ν ′ε¯6, η3µ¯4} and (3.8), we obtain ν6E6π321 = 0.
We recall π621 ∼= Z4 ⊕ Z2 . Since π321 = {µ¯′, ν ′µ6σ15} ∼= Z4 ⊕ Z2 , by (3.8), the
definition of µ′ and [31, (3.2)], we see that
ν6E6µ¯′ ∈ ν6{E6µ′, 4ι20, σ20} ⊂ {0, 4ι20, 4σ20} = π621 ◦ 4σ21 = 0.
This implies ν6E6π322 = 0.
Next, we examine the case for odd primes. This case appears for k = 6, 9, 10, 13, 14
and 16 ≤ k ≤ 22. By (3.1), the assertion
(⋆) α1(7)E7πk(S3; 3) = 0
holds for k = 6, 9, 13, 16.
By (3.2) and (3.3), (⋆) holds for k = 10, 14.
By (3.1) and Proposition 3.1(1), (⋆) holds for k = 17.
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For k = 18, we have α1(7)E7π18(S3; 3) = {α1(7)α4(10)} ⊆ E2π23(S5; 3) = 0 [45,
p.185].
By [45, Theorem 13.10.iv);v)], E2πl+19(S3; 3) = 0 for l = 0, 1, and hence, (⋆) holds
for k = 19, 20.
By [45, p.185], E2π21(S3; 3) = 0, and hence, (⋆) for k = 21 holds.
Finally, for k = 22, by Proposition 3.1(4) and [46, p.56], α1(9)α5(12) 6= 0. This leads
to the last result and completes the proof.
We propose:
Problem. If ν ′E3β = 0 for β ∈ π3k−1 , then ν4 ∧ β = 0?
Lemma 1.5(2) and Proposition 3.3 yield:
Corollary 3.4 L′′k−1,n(S3) = πk−1(S3) for n ≥ 2 and 5 ≤ k ≤ 22.
Writing Rnk = πk(SO(n); 2), we get from (SFnk) the exact sequence
(Rnk) · · · −→πnk+1 ∆−→Rnk i∗−→Rn+1k
p∗
−→· · · .
Next, we show:
Theorem 3.5 P4n+3+k(HPn) = P′4n+3+k(HPn) ⊕ P′′4n+3+k(HPn) for 0 ≤ k ≤ 10,
where
(1) P′4n+3(HPn) = [[ 24(24,n+1) , 2]]γn∗π4n+3(S4n+3) for n ≥ 2;
(2) P′4n+3+k(HPn) = γn∗π4n+3+k(S4n+3) for k = 1, 2, 4, 5, 8, 9, 10;
(3) P′4n+6(HPn) = 3+(−1)
n
2 γn∗π4n+6(S4n+3);
(4) P′4n+9(HPn) = 1−(−1)
n
2 γn∗π4n+9(S4n+3);
(5) P′4n+10(HPn) =
{
2γn∗π4n+10(S4n+3), if n ≡ 0, 1, 2 (mod 4);
γn∗π4n+10(S4n+3), if n ≡ 3 (mod 4) or n = 2.
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Proof. In view of Lemma 1.5(2),(3), Proposition 1.6 and Proposition 1.12(1), we get
Pk(HP2n+1) = P′k(HP2n+1)⊕ P′′k (HP2n+1).
We show that
P8n+3+k(HP2n) = P′8n+3+k(HP2n)⊕ P′′8n+3+k(HP2n)
for 0 ≤ k ≤ 10. In virtue of (1.7)-(1.14), we can determine P4n+3+k(S4n+3)
for 0 ≤ k ≤ 7. Hence, by Proposition 1.6 and Lemma 1.7(8)-(11), we obtain
P′4n+3+k(HPn) for 0 ≤ k ≤ 7. In the case that 8 ≤ k ≤ 10, we have M4n+3+k(S4n+3) =
G4n+3+k(S4n+3) = π4n+3+k(S4n+3). This determines P′4n+3+k(HPn) for 0 ≤ k ≤ 10.
Now our task is to check the condition (♥) in Proposition 1.12.2(iii). Let n be even
and we work in the 2-primary component. The assertion is a direct consequence of the
fact that [ι4n+3, π4n+34n+3+k] = 0 for k = 1, 2, 8, 9, 10 [9, Proposition 1.3].
For k = 0, 3, 6, the condition (♥) holds because 2[ι4n+3, ι4n+3] = 2[ι4n+3, ν4n+3] =
2[ι4n+3, ν24n+3] = 0.
We know [ι4n+3, σ4n+3] = 0 if and only if n = 2 or n ≡ 3 (mod 4) (1.14). So,
for the case n 6= 2 and n ≡ 0, 2 (mod 4), suppose that there exists an element
β ∈ π34n+9 such that J(∆σ4n+3) = [ι4n+3, σ4n+3] = ν4n+3E4n+3β = J([ι3]4n+3β). We
set Rnk = πk(SO(n); 2). By [4] and [15],
R4n+k4n+9 ∼=


Z2 ⊕ Z8 ⊕ Z2, if k = 1;
Z2 ⊕ Z4, if k = 2;
Z2 ⊕ Z2, if k = 3;
Z2, if k = 4.
Here, the direct summand Z2 corresponds to the Bott result: R∞4n+9 ∼= Z2 . Since
[ι4n+3, σ4n+3] 6= 0 and this element does not correspond to the Bott element, J :
R4n+34n+9 → π
4n+3
8n+12 is a monomorphism and hence, ∆σ4n+3 = [ι3]4n+3β . In the exact
sequence (R4n+k−14n+9 ) (k = 2, 3):
R4n+k−14n+9
i∗−→R4n+k4n+9
p∗
−→π4n+k−14n+9 ,
we know ♯[ι4n+2, σ4n+2] = 16 (1.14) and [ι4n+1, η4n+1σ4n+2] 6= 0, [ι4n+1, ν¯4n+1] 6= 0
and [ι4n+1, ε4n+1] 6= 0 [9, Lemma 4.3]. So, i∗ : R4n+k−14n+9 → R4n+k4n+9 are epimorphisms
for k = 2, 3, respectively. This shows that [ι3]4n+1β generates the direct summand Z8
in R4n+14n+9 and contradicts the fact that 4β = 0 [16, Corollary (1.22)]. Hence, we have
the assertion for k = 7. This completes the proof.
For n even, since [ι8n+3, σ28n+3] 6= 0 [37, Table 1], The assertion of Theorem 3.5 for
k = 7, n ≡ 0 (mod 4) is obtained from Corollary 1.13(2).
Since [ιn, ζn] = 0 except for n 6≡ 115 (mod 128) [9, p. 426], we obtain
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Remark 3.6 The assertion of Theorem 3.5 for k = 11 holds and P′4n+14(HPn) =
γn∗π4n+14(S4n+3) if n 6≡ 115 (mod 128).
By Proposition 1.12, Lemma 3.2 and Theorem 3.5, we obtain:
Proposition 3.7 (1) Let n ≥ 2. Then:
Pk(HPn) =


0, if k = 5, 6,
iH∗E{ν ′} ∼= Z4, if k = 7,
iH∗E{ν ′η6} ∼= Z2, if k = 8,
iH∗E{ν ′η26} ∼= Z2, if k = 9,
iH∗E{α1(3)α1(6)} ∼= Z3, if k = 10;
(2) P11(HP2) = {8γ2, iHEα1,5(3)} ∼= 8Z⊕ Z5 ;
(3) Pk(HP2) = γ2∗πk(S11) ∼= Z2 , if k = 12, 13;
(4) Let n ≥ 3. Then,
Pk(HPn) =


iH∗E{α1,5(3)} ∼= Z5, if k = 11,
0, if k = 12, 13,
iH∗E{ε′, α1(3)α2(6)} ∼= Z12, if k = 14;
(5) P15(HP3) = {6γ3} ⊕ iH∗Eπ14(S3) ∼= 6Z⊕ Z84 ⊕ (Z2)2 ;
(6) P16(HP3) = π16(HP3) ∼= (Z2)3 , P17(HP3) = γ3∗π17(S15)⊕ iH∗Eπ316 ∼= (Z2)2 and
P18(HP3) = π18(HP3) ∼= Z24 ⊕ Z30 ;
4 Gottlieb groups of real projective spaces
Hereafter, we set
G′k(FPn) = Gk(FPn) ∩ (γn∗πk(Sd(n+1)−1)).
Notice that G′k(FPn) = Gk(FPn) if F = R,C and k ≥ d + 1.
First of all, we show
Proposition 4.1 G′k(FPn) ⊆ γn∗Gk(Sd(n+1)−1).
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Proof. The real case is just [11, Theorem 6-2]. For any element γnα ∈ G′k(FPn), we
have 0 = [γnα, γn] = γn ◦ [α, ιd(n+1)−1]. Since
γn∗ : πk+d(n+1)−2(Sd(n+1)−1) → πk+d(n+1)−2(FPn) is a monomorphism, α ∈ Pk(Sd(n+1)−1) =
Gk(Sd(n+1)−1).
In the sequel, we need the following. Let K be a closed subgroup of a Lie group H and
write H/K for the left coset. We recall [43, Example 2.2], [22, Theorem II.5], which is
directly obtained by Lemma 1.1 and the fact that the usual pairing H × H/K → H/K
is an associated map with the projection p : H → H/K :
Lemma 4.2 Let K be a closed subgroup of a Lie group H and H/K the left coset.
Then, the projection p : H → H/K is cyclic and p∗(πn(H)) ⊆ Gn(H/K) for n ≥ 1.
Write i′n,F : OF(n − 1) × OF(1) →֒ OF(n) for the inclusion, p′n,F : OF(n) → FPn−1
for the quotient map. Now, we consider the exact sequence induced from the fibration
OF(n+ 1) OF(n)×OF(1)−→ FPn :
(FPnk) · · · −→πk(FPn)
∆′
F−→πk−1(OF(n)× OF(1)) i
′
∗−→πk−1(OF(n+ 1)) p
′
∗−→· · · ,
where i′ = i′n+1,F and p′ = p′n+1,F . Then, by Lemma 4.2, we have
(4.1) Ker∆′F = p′∗πk(OF(n+ 1)) ⊆ Gk(KPn).
Next, we consider the natural map from (SFnk) to (FPnk):
(4.2) πk(SOF(n+ 1)) p∗ // πk(Sd(n+1)−1)
γn∗

∆F
// πk−1(SOF(n))
∩

πk(OF(n+ 1))
p′
∗
// πk(FPn)
∆′
F
// πk−1(OF(n)× OF(1)).
We show:
Lemma 4.3 (1) Ker{∆F : πk(Sd(n+1)−1) → πk−1(SOF(n))} ⊆ γn−1∗ Gk(FPn).
(2) Let k ≥ d+1. If Ed−1◦JF |∆F(pik(Sd(n+1)−1)): ∆F(πk(Sd(n+1)−1)) → πk+d(n+1)−2(Sd(n+1)−1)
is a monomorphism, then γ∗Gk(Sd(n+1)−1) ⊆ Gk(FPn). In particular, under the as-
sumption,
Gk(FPn) = γn∗Gk(Sd(n+1)−1) for F = R,C and G′k(HPn) = γn∗Gk(S4n+3).
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Proof. By the commutativity of the right square of the diagram (4.2), Ker ∆F =
γn
−1
∗
(Ker ∆′F). Hence, (4.1) implies (1).
By the assumption, (1.4) and (1.16), Gk(Sd(n+1)−1) = Ker(J ◦ ∆) = Ker ∆F . So,
by (1), we obtain γ∗Gk(Sd(n+1)−1) ⊆ Gk(FPn). By Proposition 4.1, Gk(FPn) ⊆
γ∗Gk(Sd(n+1)−1) for F = R,C and G′k(FPn) ⊆ γ∗Gk(Sd(n+1)−1) for F = H . This
completes the proof.
By Proposition 4.1 and Lemma 4.3(1), we obtain:
Corollary 4.4 If ∆Rπk(Sn) = 0, then Gk(RPn) = γn∗Gk(Sn).
By [10] and [41], we know:
Theorem 4.5 (Gottlieb) G1(RPn) =
{
0, if n is even;
π1(RPn), if n is odd.
Theorem 4.6 (Pak-Woo)
Gn(RPn) = γn∗Gn(Sn) =


0, if n is even;
πn(RPn), if n = 1, 3, 7;
2πn(RPn), if n is odd and n 6= 1, 3, 7.
By Lemma 4.3(1) and the fact that πk−1(SO(2)) = 0 for k ≥ 3, we derive:
Proposition 4.7 Gk(RP2) = πk(RP2) for k ≥ 3.
Theorems 2.1, 4.5 and 4.6 imply Gk(RPn) = Pk(RPn) for k = 1, n.
We examine the the equality:
(∗)α ♯∆α = ♯[ιn, α] for α ∈ πk+n(Sn).
Let p be an odd prime. By use of Serre’s isomorphism [45, (13.1)], the equality
(∗)Eα for α ∈ πk+2n−1(S2n−1; p) holds if ♯α = ♯E2nα . For example, α is taken
as α1(2m + 1) ∈ π2m+4(S2m+1; 3), α2(2m + 1) ∈ π2m+8(S2m+1; 3), α1,5(2m + 1) ∈
π2m+8(S2m+1; 5) for m ≥ 1 and β1(2m+ 1) ∈ π2m+11(S2m+1; 3) for m ≥ 3. We show:
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Lemma 4.8 Let α ∈ πn+k(Sn) for k ≤ 7. Then:
(1) The inequality ♯∆α 	 ♯[ιn, α] holds if and only if: α = Eν ′ , (Eν ′)η7 , ν4η7, (Eν ′)η27 ,
ν4η
2
7 , [ι6, ι6], Eσ′ , σ8 , σ11 , νn with n = 2i−3 for i ≥ 4 or ν2n with n = 2i−5 for i ≥
4;
(2) The restriction map J |∆pik(Sn): ∆πk(Sn) → πk+n−1(Sn) is not a monomorphism if
and only if (k, n) = (3, 4), (4, 4), (5, 4), (6, 4), (5, 6), (7, 8),
(7, 11), (3, 2i − 3) with i ≥ 4 and (6, 2i − 5) with i ≥ 5 .
Proof. By use of the exact sequence (Rnn+k) for −1 ≤ k ≤ 1 and [21, pp. 161-2,
Tables], we obtain
♯∆ιn =


1, if n = 1, 3, 7;
2, if n is odd and n 6= 1, 3, 7;
∞, if n is even;
♯∆ηn =
{
1, if n = 2, 6 or n ≡ 3 (mod 4);
2, if otherwise;
♯∆η2n =
{
1, if n ≡ 2, 3 (mod 4);
2, if otherwise.
By (1.16), (1.7), (1.8) and (1.9), the equality (∗)α holds for α = ιn, ηn, η2n .
We show ♯∆(Eν ′) = 4. In the exact sequence (R43):
π4(S4) ∆→ π3(SO(4)) i∗→ π3(SO(5)) → 0,
by [44, Theorem 23.6],
(4.3) ±∆ι4 = 2[ι3]− [η2]4.
This implies ±∆(Eν ′) = ±∆ι4 ◦ ν ′ = 2[ι3]ν ′ − [η2]4ν ′ and hence ♯∆(Eν ′) = 4. On
the other hand ♯[ι4,Eν ′] = 2 (1.10). We recall
(4.4) π7(SO(5)) ∼= Z,
πk(SO(5)) = 0 for k = 8, 9 and J(∆ν4) = ±[ι4, ν4] = ±2ν24 by Lemma 1.3(3) and
(1.16). So, in the sequence (R46), we get that
(4.5) ∆ν4 ≡ ±[ι3]ω (mod 3[η2]4ω)
and that the equality (∗)ν4 holds.
By (4.4), we have ∆ν5 = 0 and [24, Theorem (4.3.2)] yields ∆ν8n−1 = ∆σ16n−1 = 0
for n ≥ 1.
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Let n 6≡ 3 (mod 4). By use of the exact sequence (R2n+12n+3) and [21, p. 16, Table], we
have ♯∆ν2n+1 = 2. So, by (1.16) and (1.11), the equality (∗)ν2n+1 holds if n 6= 2i − 2
with i ≥ 3. By (R2n2n+2), [21, p. 161, Table] and the fact that π14(SO(12)) ∼= Z24 ⊕Z4
[25],
♯∆ν2n =
{
24, if n is even and n ≥ 4;
12, if n is odd and n ≥ 3 or n = 6.
Hence, by (1.11), the equality (∗)νn for n ≥ 4 does not hold if and only if n = 2i − 3
with i ≥ 4.
By the fact that πk(SO(5)) = 0 for k = 8, 9, the map ∆ : πk(S4) → πk−1(SO(4)) ∼=
πk−1(SO(3))⊕ πk−1(S3) ∼= (Z2)2 is an isomorphism. This implies
♯∆(ν4η7) = ♯∆((Eν ′)η7) = ♯∆(ν4η27) = ♯∆((Eν ′)η27) = 2.
We obtain [ι4, ν4η7] = [ι4, (Eν ′)η7] = 0 and [ι4, (Eν ′)η27] = [ι4, ν4η27] = 0 (1.2).
By (R610) and the fact that π10(SO(6)) ∼= Z120 ⊕ Z2 , π10(SO(7)) ∼= Z8 [21, p. 162,
Table] and π10(S6) = 0, we obtain ♯∆[ι6, ι6] = 30. On the other hand, ♯[ι6, [ι6, ι6]] =
3.
We have ∆ν28n−1 = (∆ν8n−1)ν8n+1 = 0 for n ≥ 1. By [9, Lemma 3.1], ∆ν28n−k = 0
if n ≥ 1 and k = 3, 4.
Next, we need the formula parallel to (4.3):
(4.6) ±∆ι8 = 2[ι7]− [η6]8.
Here, we use the fact that π7(SO(7)) = {[η6]} ∼= Z and π7(SO(8)) ∼= π7(S7) ⊕
π7(SO(7)) ∼= Z2 generated by [ι7] and [η6]8 .
Let n ≡ 3 (mod 8) ≥ 11. We consider the commutative diagram
(⋄) πn+6(Sn)
i′
∗

∆
((P
P
P
P
P
P
P
P
P
P
P
P
πn+6(SO(n))
in,n+3∗
// πn+6(SO(n+ 3)) p∗ // πn+6(Vn+3,3)
p′
∗

∆′
// πn+5(SO(n))
πn+6(Vn+3,2),
where Vn,k = SO(n)/SO(n − k) is the Stiefel manifold and the horizontal, vertical
sequences are exact.
By [4], in,n+3∗ is a split epimorphism for n ≥ 19 and in view of [21, p. 16, Table],
πn+6(SO(n + 3)) ∼= Z2 . For n = 11, there exists an element [ι7]mµ8 ∈ π17(SO(m))
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for m ≥ 8 such that J([ι7]mµ8) = σmµm+7 and ♯([ι7]mµ8) = 2. This implies that
i11,14∗ : π17(SO(11)) → π17(SO(14)) is a split epimorphism as well.
Denote by RPnk = RPn/RPk−1 for k ≤ n the stunted real projective space. We obtain
πn+6(Vn+3,3) ∼= πn+6(RPn+2n ) ∼= πs9(RP53) ∼= πs7(RP2) ∼= Z2 and πn+6(Vn+3,2) ∼=
πn+6(RPn+2n+1) = 0. Hence, by the diagram (⋄), ∆ν2n 6= 0 and thus, by (1.12), we
conclude that the equality (∗)ν2n for n ≥ 4 does not hold if and only if n = 2i − 5 with
i ≥ 4.
We recall the relation σ′′′ = {ν5, 24ι8, ν8}. For a lift [ν5] ∈ π8(SO(6)) ∼= Z24 [25] of
ν5 , there exists a lift [σ′′′] ∈ {[ν5], 24ι8, ν8} ⊂ π12(SO(6)) ∼= Z60 of σ′′′ . This implies
∆σ′′′ = 0. By (3.7), the equality (∗)σ′′ holds.
In virtue of [29, p.132, Table], π14(SO(7)) ∼= Z2520 ⊕ Z8 ⊕ Z2 and π14(SO(9)) ∼=
Z8 ⊕ Z2 . We have π14(SO(8)) ∼= π14(SO(7)) ⊕ π14(S7) ∼= Z2520 ⊕ Z8 ⊕ Z2 ⊕ Z120 .
By [19, p. 21], Ker{∆ : π815 → R814} = 8π815 . Therefore,
♯∆(Eσ′)(2) = ♯∆(σ8)(2) = 8.
In virtue of [42, Proposition IV.5] ([45, (13.1)]) and (1.16), we have
(4.7) ♯∆π15(S8; p) = p for p = 3, 5.
This implies
(4.8) ♯∆(Eσ′) = 120 and ♯∆σ8 = 2520.
On the other hand ♯[ι8,Eσ′] = 60 (1.13) and ♯[ι8, σ8] = 120 (1.14). Hence, the
equality (∗)α for α = Eσ′, σ8 does not hold.
By [20, p. 336], ♯∆σ11 = 2 and we know [ι11, σ11] = 0 (1.14). The remaining cases
are for σn with n = 9, 10 and n ≥ 12. These are obtained by the parallel argument to
νn . This leads to (1).
By (1.16), the J -homomorphism restricted to {∆α} ⊆ πk−1(SO(n)) is a monomor-
phism provided the equality (∗)α holds. Hence (1) implies (2). This completes the
proof.
Now, we show the following result extending Theorem 4.6:
Theorem 4.9 The equality Gk+n(RPn) = γn∗Gk+n(Sn) holds if k ≤ 7 except the
following pairs: (k, n) = (3, 4), (4, 4), (5, 4), (6, 4), (5, 6), (7, 8), (7, 11),
(3, 2i − 3) with i ≥ 4 and (6, 2i − 5) with i ≥ 5 .
Furthermore,
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(1) G7(RP4) ⊇ 12π7(RP4);
(2) G10(RP4) ⊇ 3π10(RP4);
(3) G11(RP6) ⊇ 30π11(RP6);
(4) G15(RP8) ⊇ 2520π15(RP8);
(5) G18(RP11) ⊇ 2π18(RP11);
(5) G2i(RP2i−3) ⊇ 2π2i(RP2i−3) for i ≥ 4.
Proof. In the light of Lemmas 1.2, 4.3, 4.8, Proposition 1.11(1), [9] and [44], we
obtain the equality.
By (4.5), ♯∆ν4 = 12 and ♯∆(ν24 ) = 3. This and (4.1) for R imply: (1) G7(RP4) ⊇
p′
∗
π7(SO(5)) = 12π7(RP4) and (2) G10(RP4) ⊇ p′∗π10(SO(5)) = 3π10(RP4). We
know ♯∆[ι6, ι6] = 30. Hence, Lemma 4.3(1) implies (3).
By (4.8),
Ker{∆ : π15(S8) → π14(SO(8))} = 2520π15(S8).
This leads to (4).
(5) follows from the fact that Ker {∆ : π18(S11) → π17(SO(11))} = 2π18(S11). (6)
follows from the fact that Ker {∆ : π2i(S2i−3) → π2i−1(SO(2i − 3))} = 2π2i (S2i−3).
This completes the proof.
In virtue of Proposition 4.1, an upper bound of G7(RP4) is given as γ4∗G7(S4) =
γ4∗{3[ι4, ι4], 2Eν ′} [9, p. 7]. Hence,
Remark 4.10 6γ4ν4 6∈ G7(RP4) and γ4(Eν ′) 6∈ G7(RP4).
To state the next result, we recall from [45] and [9]:
(4.9) ∆ε4n+3 = ∆µ4n+3 = 0,
(4.10) ♯[ι8n, ε8n] = ♯[ι8n, η8nσ8n+1] = ♯[ι8n, ν¯8n] = ♯[ι8n, µ8n] = 2,
(4.11) ♯[ι8n, η8nε8n+1] = ♯[ι8n, η28nσ8n+2] = ♯[ι8n, ν38n] = 2,
(4.12) [ι8n, α8n] 6= [ι8n, µ8n] for α = ηε, η2σ, ν3,
(4.13) ♯[ι8n, η8nµ8n+1] = 2, ♯[ι8n, β1(8n)] = 3.
Hence, by (1.7)–(1.14), (4.9)–(4.13), Proposition 4.1 and Corollary 4.4, we obtain:
Proposition 4.11 (1) Gn+k(RPn) = πn+k(RPn) if n ≡ 3 (mod 4) and 8 ≤ k ≤ 10.
(2) Gn+k(RPn) = 0 if n ≡ 0 (mod 8), n ≥ 16 and 8 ≤ k ≤ 10.
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5 Gottlieb groups of complex and quaternionic projective
spaces
By [12, Theorem 1], we obtain
G2(CPn) = 0 for n ≥ 1
proved in [8], [22] and [23] as well.
We recall the group structures of π2n−1+k(SU(n)) for 0 ≤ k ≤ 4, 6 and k = 7 from
[5], [6], [21], [26], [27] and [25].
π2n−1(SU(n)) ∼= Z; π2n(SU(n)) ∼= Zn! for n ≥ 2;
π2n+1(SU(n)) ∼=
{
Z2, if n is even,
0, if n is odd;
π2n+2(SU(n)) ∼=
{
Z(n+1)! ⊕ Z2, if n is even and n ≥ 4,
Z(n+1)!/2, if n is odd;
π2n+3(SU(n)) ∼=
{
Z(24,n), if n is even,
Z(24,n+3)/2, if n is odd and n ≥ 3;
π2n+5(SU(n)) ∼=
{
Z(24,n+1), if n is odd,
Z(24,n+4)/2, if n is even;
π2n+6(SU(n)) ∼=
{
π2n+6(SU(n+ 1)), if n ≡ 2, 3 (mod 4) ≥ 3,
π2n+6(SU(n+ 1))⊕ Z2, if n ≡ 0, 1 (mod 4) ≥ 4.
Notice that π2n(SU(n)) is generated by ∆C(ι2n+1) = ωn(C) = jnEγn−1 , where jn :
ECPn−1 →֒ SU(n) is the canonical inclusion satisfying pnjn = Eqn−1 . Then, by (1.1),
pnωn(C) = (n− 1)η2n−1.
Notice that π4n+1(SU(2n)) is generated by ∆C(η4n+1) = ω2nη4n . By making use of
the exact sequences (Cn2n+k) for 0 ≤ k ≤ 3, k = 6 and the results above, we obtain the
following result which overlaps with that of [21, pp. 163-5]:
Lemma 5.1 (1) ♯ωn(C) = n!;
(2) ♯∆C(η2n+1) =
{
2, if n is even,
1, if n is odd;
(3) ♯∆C(η22n+1) =
{
2, if n is even,
1, if n is odd;
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(4) ♯∆C(ν2n+1) =
{ (24, n), if n is even,
(24, n + 3)/2, if n is odd and n ≥ 3;
(5) ♯∆C(ν22n+1) =
{
1, if n ≡ 2, 3 (mod 4) ≥ 2,
2, if n ≡ 0, 1 (mod 4) ≥ 4.
By Lemmas 4.3(1) and 5.1(1), we obtain [22, Theorem III.8]:
Theorem 5.2 (Lang) n!π2n+1(CPn) ⊆ G2n+1(CPn).
By Theorems 2.2(1) and 5.2, it holds
G5(CP2) = P5(CP2) = 2π5(CP2).
Now, we show:
Theorem 5.3 (1) Let k = 1, 2. Then:
Gk+2n+1(CPn) =
{
0, if n is even,
πk+2n+1(CPn) ∼= Z2, if n is odd.
(2)
G2n+4(CPn) ⊇
{ (24, n)π2n+4(CPn) ∼= Z 24(24,n) , if n is even,(24,n+3)
2 π2n+4(CPn) ∼= Z 48(24,n+3) , if n is odd.
In particular, G2n+4(CPn) = 2π2n+4(CPn) if n ≡ 2, 10 (mod 12) ≥ 10 except
n = 2i−1 − 2 or n ≡ 1, 17 (mod 24) ≥ 17 and G2n+4(CPn) = π2n+4(CPn) if
n ≡ 7, 11 (mod 12).
(3) G2n+6(CPn) = π2n+6(CPn) ∼=
{
0, if n ≥ 3,
Z2, if n = 2.
(4) G2n+7(CPn) = π2n+7(CPn) if n ≡ 2, 3 (mod 4).
Proof. By Proposition 1.11(1) and the fact that Gk+2n+1(S2n+1) = 0 if k = 1, 2 and n
is even, we have Gk+2n+1(CPn) = 0 in this case. By Lemmas 4.3(1) and 5.1(2)-(3),
Gk+2n+1(CPn) = πk+2n+1(CPn) for n odd. This leads to (1).
Notice that G6(S2) = π6(S2) [23], [9]. Lemmas 4.3(1) and 5.1(4) imply the first half
of (2).
As it is easily seen (1.11), for n even, (24, n) = ♯[ι2n+1, ν2n+1] = 2 if and only if
n ≡ 2, 10 ( mod 12) ≥ 10 and n 6= 2i−1−2. For n odd, (24,n+3)2 = ♯[ι2n+1, ν2n+1] = 2
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if and only if n ≡ 1, 17 (mod 24) ≥ 17. Moreover, (24,n+3)2 = ♯[ι2n+1, ν2n+1] = 1 if
and only if n ≡ 7, 11 (mod 12). This and Lemma 4.3(2) lead to the second half of (2).
Since ∆C : π10(S5) → π9(SU(2)) ∼= Z3 is trivial, we have G10(CP2) = π10(CP2) ∼=
Z2 . This leads to (3).
(4) follows from Lemmas 4.3(1) and 5.1(5), and the proof is complete.
We obtain:
Corollary 5.4 (1) Gk(CP2) = πk(CP2) for 10 ≤ k ≤ 12;
(2) Gk(CP2; p) = πk(CP2; p) for an odd prime p;
(3) Gk(CP2n+1) ⊇ γ2n+1ηm4n+3 ◦ πk(S4n+3+m) for m = 1, 2;
(4) (i) Gk(CP2n) ⊇ 2(12, n)γ2nν4n+1 ◦ πk(S4n+4);
(ii) Gk(CP2n+1) ⊇ (12, n + 2)γ2n+1ν4n+3 ◦ πk(S4n+6);
(5) Gk(CP4n+2) ⊇ γ4n+2ν28n+5 ◦ πk(S8n+11);
(6) G8n+11(CP4n+1) = π8n+11(CP4n+1) if n ≥ 2;
(7) G8n+k(CP4n+3) = π8n+k(CP4n+3) for k = 28, 29 if n ≥ 2.
Proof. By [33, Lemma 3.1.i)], we get ∆C(πk(S5)) = 0 for 10 ≤ k ≤ 12. Hence,
Lemma 4.3(1) yields (1).
By Lemma 1.2 and Theorem 5.3, we have (2)-(5). By Lemma 5.1(2), ∆C(η4n+3) = 0.
Since ε4n+3 ∈ {η4n+3, ν4n+4, 2ν4n+7} (mod η4n+3σ4n+4), we have
∆Cε4n+3 ∈ {ω2n+1, η4n+2, ν4n+3} ◦ 2ν4n+7 ⊆ π4n+7(SU(2n + 1)) ◦ 2ν4n+7.
Then, by the group structure π4n+7(SU(2n+1)) ∼= Z2(12,n+1) , we obtain ∆Cε4n+3 = 0
for n even. This leads to (6).
By Lemma 5.1(4), ♯∆C(ν8n+7) = (12, 2n + 3). We recall from [28] that πs21(S0) =
{ηκ¯, νν∗} ∼= (Z2)2 and πs22(S0) = {η2κ¯, νσ¯} ∼= (Z2)2 . This implies∆C(η4n+3κ¯4n+4) =
∆C(ν8n+7ν∗8n+10) = 0 and leads to (7) for k = 28. By the parallel argument, we have
the case k = 29.
Next, we consider the case of the quaternionic projective space. By [12, Theorem 1],
we obtain
G4(HPn) = 0 for n ≥ 1
proved in [8], [22] and [23] as well.
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By Proposition 3.7(1);(4) and [9],
Gk(HPn) = 0 if n ≥ 1 and k = 5, 6;
Gk(HPn) = 0 if n ≥ 3 and k = 12, 13;
We recall the group structures π4n−1+k(Sp(n)) for k = −1, 0 and 2 ≤ k ≤ 6 from [6],
[34], [30] and [25]:
π4n−2(Sp(n)) = 0; π4n−1(Sp(n)) ∼= Z;
π4n+1(Sp(n)) ∼=
{
0, if n is even,
Z2, if n is odd;
π4n+2(Sp(n)) ∼=
{
Z(2n+1)!, if n is even,
Z2(2n+1)!, if n is odd;
π4n+3(Sp(n)) ∼= Z2;
π4n+4(Sp(n)) ∼=
{ (Z2)2, if n is even,
Z2, if n is odd;
π4n+5(Sp(n)) ∼=
{
Z(24,n+2) ⊕ Z2, if n is even;
Z(24,n+2), if n is odd;
By making use of the exact sequences (SHn4n+k) for 2 ≤ k ≤ 5 and the results above,
we obtain:
Lemma 5.5 (1) ♯∆H(ι4n+3) =
{ (2n+ 1)!, if n is even,
2(2n + 1)!, if n is odd;
(2) ♯∆H(ηk4n+3) = 2 for k = 1, 2;
(3) ♯∆H(ν4n+3) = (24, n + 2).
Notice that π4n+2(Sp(n)) is generated by ∆H(ι4n+3) = ωn(H).
By Lemmas 4.3(1), 5.5(1);(3) and 1.2, we obtain:
Theorem 5.6 (1) G4n+3(HPn) ⊇
{ (2n+ 1)!γn∗π4n+3(S4n+3), if n is even,
2(2n + 1)!γn∗π4n+3(S4n+3), if n is odd;
(2) Gk(HPn) ⊇ (24, n+2)γnν4n+3 ◦πk(S4n+6). In particular, we derive G4n+6(HPn) ⊇
(24, n + 2)γn∗π4n+6(S4n+3) ∼= Z 24(24,n+2) for n ≥ 2;
Theorem 5.6(1) improves [23, Corollary 2.7]. We obtain:
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Corollary 5.7 (1) G′8n+9(HP2n) = 0, G′8n+10(HP2n+1) = γ2n+1∗π8n+10(S8n+7) for
n 6≡ 0 (mod 3) and G′8n+13(HP2n+1) = γ2n+1∗π8n+13(S8n+7).
(2) G′4n+14(HPn) = γn∗π4n+14(S4n+3) for n ≡ 5, 9 (mod 12), n ≥ 5 and n ≡
15, 23 (mod 24).
Proof. (1) is a direct consequence of Theorem 5.6(2); (3) and Theorem 3.5(4).
We know ζn ∈ {νn, σn+3, 16ιn+10} for n ≥ 13. Moreover, π4n+13(Sp(n)) ∼= Z8 if
n ≡ 1 (mod 4) and n ≥ 5 and ∼= Z(128,4(n−3)) if n ≡ 3 (mod 4) ([35], [36]). So, for n
satisfying (24, n + 2) = 1, n ≡ 1 (mod 4) or n ≡ 7 (mod 8), we obtain
∆Hζ4n+3 ∈ {ωn(H), ν4n+2, σ4n+5} ◦ 16ι4n+13
⊆ π4n+13(Sp(n)) ◦ 16ι4n+13 = 0.
This and Lemma 4.3 lead to (2).
By use of the exact sequence (SH211), Lemma 5.5(2) and the fact that π12(Sp(2)) =
{iε3} ∼= Z2 for the inclusion i : S3 →֒ Sp(2) [33, Theorem 5.1], we obtain
∆H(η11) = iε3.
So, by the relation ε3σ11 = 0 [45, Lemma 10.7], we obtain:
Example 5.8 G18+k(HP2) ⊇ {γ2ηk11σ11+k} ∼= Z2 for k = 1, 2.
We have νρ ∈ ν ◦〈σ, 2σ, 8ι〉 = 8〈ν, σ, 2σ〉 = 8ν∗ = 0. By [45, (10.22)], H(ν10ρ13) =
E(ν9 ∧ ν9) ◦ 4ν25 = 0. So, by the fact that ν10ρ13 ∈ Eπ927 = { ¯ζ10, σ¯10} ∼= πs19 , we
obtain
(5.1) ν10ρ13 = 0.
By [28, Lemma 6.1] and its proof, we have
η6κ¯7 ∈ {ν
2
6 , 2ι12, κ12} (mod ν26 ◦ π1227 + π613 ◦ κ13)
= ν26 ◦ {E
3ρ′, ε¯12}+ {σ
′′κ13}.
We obtain ν26 ε¯12 = ν26η12κ13 = 0. By [40, Lemma 6], ν26 (E3ρ′) = 0. We know
σ′′κ13 ∈ π
6
27 = {η6κ¯7}, E(σ′′κ13) = 2σ′κ14 = 0 and ηκ¯ 6= 0 [28, Theorem A]. Hence
(5.2) η6κ¯7 = {ν26 , 2ι12, κ12}.
As it is well known [17, (2.10)(b)], for the projection pn = pn,H : Sp(n) → S4n−1 , we
have
(5.3) pn∗ωn(H) = ±(n+ 1)ν4n−1 (n ≥ 2).
Then, we obtain:
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Lemma 5.9 ∆H(ηnκ¯n+1) = 0 if n ≡ 15 (mod 16).
Proof. We use ωn = ωn(H). By (5.1) and (5.2), it holds that
{ν2n , 2ιn+6, κn+6} ∋ ηnκ¯n+1 (mod σnκn+7) for n ≥ 10.
Set n = 4m . By Lemma 5.5(3), ♯(ωnν4n+2) = 2(12, 2m + 1). So we can define the
Toda bracket
{ωnν4n+2, 2(12, 2m + 1)ι4n+5, κ4n+5} ⊂ π4n+20(Sp(n)).
By (5.3), we obtain
pn∗{ωnν4n+2, 2(12, 2n + 1)ι4n+5, κ4n+5} ⊆ {ν24n−1, 2(12, 2n + 1)ι4n+5, κ4n+5}
∋ η4n−1κ¯4n (mod σ4n−1κ4n+6).
So, by the relation σ4n−1κ4n+6 = 0 for n ≥ 4 [28, Proposition 7.2], we obtain
pn∗{ωnν4n+2, 2(12, 2m + 1)ι4n+5, κ4n+5} = η4n−1κ¯4n.
This completes the proof.
By [45, Example 4], we know σ2 ∈ 〈ν, σ, ν〉 (mod κ). Since {η10, ν11, σ14} =
2[ι10, ν10] [38] and η10κ11 6= 0, we obtain
(5.4) {ν11, σ14, ν21} = aσ211 for a odd.
By (5.4) and the definition of ξ12 , we have
σ315 ∈ {ν15, σ18, ν25} ◦ σ29 = −ν15 ◦ {σ18, ν25, σ28}
∋ −ν15ξ18 (mod ν15 ◦ π1829 ◦ σ29 = 0).
Hence, we have
(5.5) σ315 = ν15ξ18.
From the fact that ♯∆H(ν8n+7) = (24, 2n + 3) and (5.4), we have
∆H(σ28n+7) ∈ {ω2n+1, (24, 2n + 3)ν8n+6, σ8n+9} ◦ ν8n+17
and hence,
(5.6) ∆H(σ38n+7) = 0.
We show:
Corollary 5.10 G′16n+k(HP4n−1) = γ4n−1∗π16n+k(S16n−1) for k = 20; n ≥ 1 and
k = 21; n ≥ 2.
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Proof. By [28, (7.10)], E3(λν31) = [ι16, ν216]. So, by (5.5), [45, Corollary 12.25] and
(1.14),
σ316 = ν16ξ19 = ν16 ◦ ([ι19, ι19]− ν∗19) = E3(λν31)− ν16ν∗19
and σ315 + ν15ν∗18 − E2(λν31) ∈ Pπ3138 = 0.
By Lemma 5.5(3) and (5.6), we have ∆H((E2λ)ν33) = ∆H(ν15ν∗18) + ∆H(σ315) =
0 and G16n+20(HP4n−1) ∋ γ4n−1∗σ316n−1 . By Lemma 5.9, G16n+20(HP4n−1) ∋
γ4n−1∗η16n−1κ¯16n . This leads to the assertion for k = 20.
By Theorem 5.6(3), G8n+21(HP2n−1) ∋ γ2n−1∗ν8n−1σ¯8n+2 . By Lemma 5.9,
∆H(η216n−1κ¯16n+1) = ∆H(η16n−1κ¯16n) ◦ η16n+20 = 0.
This and the group structure of π16n+21(S16n−1) for n ≥ 2 [28, Theorem B] lead to the
assertion for k = 21. This completes the proof.
Finally, we show:
Proposition 5.11 (1) G18(HP2) ⊇ 40γ2∗π18(S11);
(2) G21(HP2) ⊇ 2γ2∗π21(S11);
(3) G22(HP2) ⊇ 8γ2∗π22(S11) ∼= Z63 ;
(4) G22(HP3) ⊇ 4γ3∗π22(S15) ∼= Z60 .
Proof. By [33, Theorem 5.1] and [34, Lemmas 3.1-4], we see that
(1) Ker{∆H : π18(S11) → π17(Sp(2))} = 40π18(S11);
(2) Ker{∆H : π21(S11) → π20(Sp(2))} = 2π21(S11);
(3) Ker{∆H : π22(S11) → π21(Sp(2))} = 8π22(S11);
(4) Ker{∆H : π22(S15) → π21(Sp(3))} = 4π22(S15).
Hence, by Lemma 4.3(1), we obtain the assertion. This completes the proof.
Problem. Find a pair (k, n) satisfying Gk(HPn) ∩ iH∗Eπk−1(S3) 6= 0.
36 Marek Golasin´ski and Juno Mukai
6 The case of the Cayley projective plane
Let KP2 = S8 ∪σ8 e16 be the Cayley projective plane. By [12, Theorem 1], we obtain
G8(KP2) = 0
proved in [8] and [23] as well.
We recall the fibration
p : F4 −→ F4/Spin(9) = KP2
and the induced exact sequence:
(6.1) · · · −→πk(F4) p∗−→πk(KP2) ∆K−→πk−1(Spin(9)) i∗−→ · · · .
By (6.1) and Lemma 4.2, we have
(6.2) Ker ∆K ⊆ Gk(KP2).
Let iK : S8 →֒ KP2 be the inclusion map and pK : KP2 → S16 the collapsing map.
We recall
πk(S8) = σ8∗πk(S15)⊕ Eπk−1(S7)
and the relation
(6.3) σ′ν14 = xν7σ10 for some odd x [45, (7.19)].
First, we show:
Lemma 6.1 πn(KP2) = iK∗Eπn−1(S7) ∼= πn−1(S7) for n ≤ 21 or n = 25, 27, 28;
π22(KP2) = {iKκ8} ∼= Z4 and iK(Eσ′)σ15 = 0;
π23(KP2) ∼= Z ⊕ Z120{iKEρ′′} ⊕ Z2{iKε¯8} ⊕ Z2{iK(Eσ′)ε15} and iK((Eσ′)ε15) =
iK((Eσ′)ν¯15);
π24(KP2) = iK∗{(Eσ′)µ15, µ8σ15, η8ε¯9} ∼= (Z2)3 .
There is the short exact sequence
0 → Z24 ⊕ Z2 → π26(KP2) → Z24 → 0
and π26(KP2; 2) ∼= Z64⊕Z2 with a generator of Z64 given by ν˜21 ∈ {iK, σ′σ14, ν21}1 .
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Proof. Although the result except for n = 24, 25, 27 is obtained by [29, Theorem
7.2], we give a proof. By the homotopy exact sequence of a pair (KP2,S8) and the
Blakers-Massey theorem, the assertion for n ≤ 21 is obtained.
Let n ≤ 28. Then, by [29, Proposition 7.1], the 2- and 3-primary components of
πn(KP2) are obtained by determining πn−1(Y), where Y is the 28-skeleton of the loop
space Ω(KP2):
Y = S7 ∪σ′σ14+α′ e
22 with Eα′ = [[ι8, ι8], ι8].
Recall π21(S7) = {σ′σ14, κ8} ∼= Z24 ⊕ Z4 . So, the group π21(Y) = {iKκ7} ∼= Z4 is
obtained the homotopy exact sequence of a pair (Y,S7). Hence, the group π22(KP2)
and the relation iK(Eσ′)σ15 = 0 follows.
Next, recall π22(S7) = {ρ′′, σ′ν¯14, σ′ε14, ε¯7} ∼= Z120 ⊕ (Z2)3 . By the Blakers-Massey
Theorem, π22(Y,S7) ∼= Z and π23(Y,S7) ∼= π23(S22). Since (σ′σ14 + α′)η21 =
σ′(ν¯14+ε14), we obtain the group π22(Y) and the relation iK((Eσ′)ε15) = iK((Eσ′)ν¯15).
By the parallel argument, we have the group π23(Y). This leads to the assertion for
n = 23, 24.
We also recall π24(S7) = {(Eσ′)η15µ16, ν8κ11, µ¯8, η8µ9σ18} ∼= (Z2)4 . By the Blakers-
Massey Theorem, π24(Y,S7) ∼= π24(S22). In view of the relations σ14η221 = η14ε15 +
ν314, σ
′ν314 = ν7σ10ν
2
17 = η7ε¯8 (6.3), [45, Lemma 12.10], we obtain σ′σ14η221 =
Eζ ′ + η7ε¯8 6= 0 [45, Theorem 12.6, (12.4)]. Hence, ∂ : π24(Y,S7) → π23(S7) is a
monomorphism. Since π25(Y,S7) ∼= π25(S22) and (σ′σ14 + α′)ν21 = α′ν21 = 0, we
obtain ∂π25(Y,S7) = 0. This leads to π25(KP2) ∼= π24(S7).
Since π25+k(Y,S7) ∼= π25+k(S22) = 0 for k = 1, 2, we get that i∗ : π26(S7) → π26(Y)
is an isomorphism. This leads to the assertion for n = 27 and completes the proof.
Finally, by π27(S22) = 0 and (σ′σ14 + α′)ν221 = 0, [29, (7.6)] yields π28(KP2) ∼=
π27(S7).
Because π26(S22) = 0, π25(S7) ∼= Z24 ⊕ Z2 , π25(S22) ∼= Z24 and (σ′σ14 + α′)ν21 = 0
[29, (7.6)] lead to the short exact sequence
0 → Z24 ⊕ Z2 → π26(KP2) → Z24 → 0.
Observe 8{iK, (Eσ′)σ15, ν22} = −iK{(Eσ′)σ15, ν22, 8ι25} ⊇ −iK(Eσ′){σ15, ν22, 8ι25} ∋
−iK(Eσ′)ζ15 = xiKζ8σ19 (mod 8iK∗π826 = 0) for some an odd integer x ([45, Lemma
12.12]). Consequently, we derive that 8ν˜21 = xiKζ8σ19 and the proof is complete.
Since π7(Spin(9)) ∼= Z and π7(F4) = 0 [29, p. 132, Table], (6.1) implies
(6.4) ∆K(iK) = b for a generator of π7(Spin(9) .
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For any element β ∈ πm(KP2) with m ≥ 8, we have
[iK(Eα), β] = [iK, β] ◦ Emα.
In particular, for α ∈ π7n−1 satisfying E8α = 0, we obtain
(6.5) iK(Eα) ∈ Pn(KP2).
Now, we show:
Theorem 6.2 (1) Pk(KP2) = 0 for k = 9, 10, 12, 13, 14, 20;
(2) G11(KP2) = P11(KP2) = 8π11(KP2) ∼= Z3 ;
(3) 8π15(KP2) ⊆ G15(KP2);
(4) iK∗E{σ′η14} ⊆ P16(KP2) ⊆ iK∗E{σ′η14, η7σ8};
(5) iK∗E{σ′η214} ⊆ P17(KP2) ⊆ iK∗E{σ′η214, ν37 + η7ε8} = iK∗E{σ′η14, η7σ8} ◦ η15 ;
(6) 8π18(KP2) ⊆ G18(KP2) ⊆ P18(KP2) = iK∗{ν8σ11, β1(8)} ∼= Z24 ;
(7) iK∗E{ν¯7ν15} ⊆ P19(KP2) = iK∗E{ν¯7ν15}+ 8π19(KP2);
(8) 2π21(KP2) ⊆ G21(KP2) ⊂ P21(KP2) = π21(KP2).
Proof. Since πk(KP2) ∼= πk−1(S7) = 0 for k = 12, 13, 20 by Lemma 6.1, the assertion
for k = 12, 13, 20 of (1) follows.
By Lemma 6.1,
[iK, iKη8] = iK[ι8, η8] = iK(Eσ′)η15 6= 0,
[iK, iKη28] = iK(Eσ′)η215 6= 0,
[iK, iKν28 ] = iK(Eσ′)ν215 = iKν8σ11ν18 6= 0.
This leads to the assertion for k = 9, 10, 14 of (1).
We recall π11(KP2) = {iKν8} ∼= Z24 . By [45, Proposition 3.1], α2(3) ∧ α1(3) =
α2(6)α1(13) = −α1(6)α2(9). Hence, by (3.2),
α2(7)α1(14) = α1(7)α2(10) = 0.
By the relation ±[ι8, ν8] = 2σ8ν15 − (Eσ′)ν15 and Lemma 6.1, ♯(iK[ι8, ν8]) =
♯(iK(Eσ′)ν15) = 8 and iK[ι8, α1(8)] = ±iKα2(8)α1(15) = 0. This implies P11(KP2) =
0 or P11(KP2) = {iKα1(8)} ∼= Z3 . On the other hand, by (6.4) and the fact that
π10(Spin(9)) ∼= Z8 [29, p. 132, Table], we obtain
∆K(iKα1(8)) = bα1(7) = 0
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and G11(KP2) ⊇ {iKα1(8)} ∼= Z3 . This leads to the equality G11(KP2) = P11(KP2) =
{iKα1(8)} and (2) follows.
We recall
π15(KP2) = {iK(Eσ′)} ∼= Z120.
By (6.4) and that π14(Spin(9)) ∼= Z8 ⊕ Z2 [29, p. 132, Table], we obtain
∆K(iKα2(8)) = 0.
Hence, we obtain G15(KP2) ∋ iKα2(8) and this leads to (3).
We recall [45, Theorem 7.1, (7.4)] π15(S7) = {σ′η14, ν¯7, ε7}, where η7σ8 = σ′η14 +
ν¯7 + ε7 . By Lemma 6.1,
π16(KP2) = iK∗E{σ′η14, ν¯7, ε7}.
By (6.5), iK(Eσ′)η15 ∈ P16(KP2). Next, by Lemma 6.1, [iKν¯8, iK] = iK(Eσ′)ν¯15 6= 0,
[iKε8, iK] = iK(Eσ′)ε15ne0 and [iKν¯8 + ε8, iK] = 0. Hence, by the relation η7σ8 =
σ′η7 + ν¯7 + ε7 , we have (4).
We recall
π16(S7) = {σ′η214, ν37 , µ7, η7ε8} ∼= (Z2)4.
By (4) and Lemma 1.1, iK(E(σ′η214) is cyclic. By Lemma 6.1,
[iKν38 , iK] = iK(Eσ′)ν315 = iKη8ε¯9 6= 0, [iKµ8, iK] = iK(Eσ′)µ15 6= 0, [iKν38 , iK] = iK(Eσ′)
, ν37 , µ7, η7ε8}
∼= (Z2)4 .
This and Lemma 6.1 imply
P17(KP2) = iK∗E{σ′η214, ν37 , µ7, η7ε8}.
We have [µ8, ι8] = (Eσ′)µ15 . By Lemma 6.1, iK(Eσ′)µ15 6= 0. So, iKµ8 6∈ P17(KP2).
Moreover, by the relation σ′ν314 = ν7σ10ν217 = η7ε¯8 [45, Lemma 12.10], we obtain
iK(Eσ′)(η15ε16) = iK(Eσ′)(ν315) 6= 0 and iK(Eσ′)(ν315 + η15) = 0 and this leads to (5).
We recall π17(S7) = {ν7σ10, η7µ8, β1(7)}. By Lemma 6.1,
π18(KP2) = iK∗E{ν7σ10, η7µ8, β1(7)} ∼= Z24 ⊕ Z2.
Since π17(Spin(9)) ∼= Z8 ⊕ (Z2)2 [29, p. 132, Table], ∆K(iKβ1(8)) = bβ1(7) = 0 and
iKβ1(8) ∈ G18(KP2). By (6.5), iKν8σ11 is cyclic.
By Lemma 6.1 and the fact that π24(S7) = {σ′η14µ15, ν7κ10, µ¯7, η7µ8σ17} ∼= (Z2)4 , we
see that [iKη8µ9, iK] = iK(Eσ′)η15µ16 6= 0 in π25(KP2). Hence, iKη8µ9 6∈ P18(KP2)
and this leads to (6).
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Since π20(KP2) ∼= π19(S7) = 0 and π19(Spin(9)) ∼= π19(F4) ∼= Z2 [29, p. 132, Table],
we see that ∆K : π19(KP2) → π18(Spin(9)) is a monomorphism. We recall
π18(S7) = {ζ7, ν¯7ν10} ∼= Z504 ⊕ Z2.
We have [ι8, ζ8] = (Eσ′)ζ15 = xζ8σ19 for x odd [45, Lemma 12.12]. By Lemma 6.1
for n = 27, we see that iK(ζ8σ19) is of order 8. Since ν¯9ν17 = [ι9, ν9] [45, (7.22)],
iKν¯8ν16 is cyclic by (6.5) and this leads to (7).
By Lemma 6.1 and the fact that π20(S7) = {ν7σ10ν17, α1(7)β1(10)} ∼= Z6 , we obtain
π21(KP2) = iK∗{ν8σ11ν18, α1(8)β1(11)} ∼= Z6. By (6.4),
∆K(iKα1(8)β1(11)) = ∆K(iKα1(8))β1(10) = 0.
Hence, we obtain G21(KP2) ⊇ 2π21(KP2). By (6) and Lemma 1.1, iK(ν8σ11ν18) is
cyclic. This leads to (8) and completes the proof.
At the end, write
G′′k (FPn) = Gk(FPn) ∩ (iF∗Eπk−1(Sd−1)).
Notice that G′′k (FPn) = 0 if d = 1, 2 and k ≥ d + 1. We close the paper with:
Question 6.3 What about G′′k (HPn)?
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